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Abstract. We define and study certain hyperkahler manifolds which cap- 
ture the asymptotic behaviour of the SC/(2)-monopole metric in regions where 
monopoles break down into monopoles of lower charges. The rate at which 
these new metrics approximate the monopolc metric is exponential, as for the 
Gibbons-Manton metric. 



1. Introduction 



' The moduli space A4n of framed S'f7(2)-monopoles of charge n on R'^ is a com- 

. plete Riemannian manifold topological infinity of which corresponds to monopoles 

' of charge n breaking down into monopoles of lower charges. This asymptotic picture 

is given in Proposition (3.8) in [S' which we restate here: 

' Proposition 1.1. Given an infinite sequence of points of M.n, there exists a sub- 

sequence rUr, a partition n = with Ui > 0, a sequence of points x\. € M , 

i = 1, . . . , s, such that 



(i) the sequence m]. of monopoles translated by —x]. converges weakly to a 
_ , monopolc of charge Ui with centre at the origin; 

(ii) as r oo, the distances between any pair of points x\.,xi. tend to oo and 
(~| , the direction of the line x^x^ converges to a fixed direction. 



We can think of clusters of charge Ui with centres at x^. receding from one another 
in definite directions. 

The aim of this paper is to capture this asymptotic picture in metric terms. 
Observe that the above description, which leads to the asymptotic metric being the 
product metric on J^A^Hi, is valid only at infinity. It ignores the interaction of 
clusters at finite distance from each other, e.g. the relative electric charges arising 
from their motion. A physically meaningful description of the asymptotic metric 
should take into consideration the contributions made by this interaction. Such 
an asymptotic metric, governing the motion of dyons, was found by Gibbons and 
Manton [16j in the case when all Ui are 1, i.e. a monopole breaks down into particles. 
It was then shown in [H] that this metric is an exponentially good approximation 
to the monopole metric in the corresponding asymptotic region. 

Our aim is to generalise this to clusters of arbitrary charges. For any partition 
n — X]i=i '^j with Ui > we define a space of (framed) clusters M.ni,...,n, with 
a natural (pseudo)-hyperkahler metric. The picture is that as long as the size of 
clusters is bounded, say by K and the distances between their centres are larger 
than some Rq = Ro{K), then there are constants C = C{K), a — a{K) such that 
the cluster metric in this region of A4ni,...,ns is Ce~"^-close to the monopole metric 
in the corresponding region oi Ain, where R — min{|x* — a;-' |; i, j — I, . . . , s,i ^ j}. 
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The definition of the cluster metric is given in terms of spectral curves and 
sections of the line bundle L? , analogous to one of the definitions of the monopole 
metric (cf. Essentially, a framed cluster in A4„i....,„^ corresponds to s real 

spectral curves Si of degrees rii together with meromorphic sections of on each 
Si, such that the zeros and poles of the sections occur only at the intersection points 
of different curves (together with certain nonsingularity conditions). 

Let us say at once that we deal here almost exclusively with the case of two 
clusters. Apart from notational complications when s > 2, the chief difficulty (also 
for s = 2) is that unlike in the case of the Gibbons-Manton metric, we have not 
found a description of Mni,...,ns a moduli space of Nahm's equations. For s = 2 
we have such a description of the smooth (and complex) structure of Mni,n2 but not 
of its metric nor of the hypercomplex structure. The fact that our spaces of clusters 
■Mni,...,ns are defined in terms of spectral curves satisfying certain transcendental 
conditions, makes them quite hard to deal with. In particular, for s > 2 we do not 
have a proof that such curves exist (although we are certain that they do). For 
s = 2 we do have existence, since the spectral curves in this case turn out to be 
spectral curves of S'C/(2)-calorons of charge (711,^2). 
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2. Line bundles and flows on spectral curves 

We recall here essential facts about spectral curves and line bundles. For a more 
detailed overview we refer to [10] . 
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2.1. Line bundles and matricial polynomials. In what follows T denotes the 
total space of the hne bundle 0{2) on (T ~ Tpi), tt : T ^ PMs the projection, 
Q is the affine coordinate on P^ and 77 is the fibre coordinate on T . In other words 
T is obtained by gluing two copies of with coordinates (C, rj) and (C, rj) via: 

We denote the corresponding two open subsets of T by and Uoo ■ 

Let 5 be an algebraic curve in the linear system 0{2n), i.e. over C, ^ 00 S \s 
defined by the equation 

(2.1) P(C, 77) = + aiiOif-^ + ■■■ + a„_i(C)7? + a„(C) = 0, 

where a.i(C) is a polynomial of degree 2i. S can be singular or non-reduced (although 
spectral curves corresponding to monopoles, or to the clusters considered here are 
always reduced). 

We recall the following facts (see, e.g., [T7l fT|): 

Proposition 2.1. The group H^{T,Ot) (i-e- line bundles on T with zero first 
Chern class) is generated by jy'C""'; i > 0, < j < 2i. The corresponding line 
bundles have transition functions exp(77''C^-') from Uq to Uoo- ^ 

Proposition 2.2. The natural map H^{T,Ot) H^{S,Os) is a surjection, i.e. 
H^{S, Os) is generated by ry'C"^ < i < n - I, < j < 2i. □ 

Thus, the (arithmetic) genus of S" is 5 = (n — 1)^. For a smooth S, the last 
proposition describes line bundles of degree on S. In general, by a line bundle we 
mean an invertible sheaf and by a divisor we mean a Cartier divisor. The degree 
of a line bundle is defined as its Eulcr characteristic plus 5 — 1. The theta divisor 
Q is the set of line bundles of degree g — I which have a non-zero section. 

Let Orii) denote the pull-back of 0{i) to T via tt : T ^ P^. If is a sheaf 
on T we denote by E{i) the sheaf E (g) Orii) and similarly for sheaves on S. In 
particular, tt*0 is identified with Os. 

If F is a line bundle of degree on S, determined by a cocycle q G H^{T, Ot), 
and s e H°{S,F{i)), the n w6 denote by 5o, Soc the representation of s in the 
trivialisation Uq, Uqc, i-e.: 

(2.2) SooiC,ri) = ^So{C,ri)- 
We recall the following theorem of Beauville [Ij : 

Theorem 2.3. There is a 1 — 1 correspondence between the affine Jacobian J^^^ — Q 
of line bundles of degree g — I on S and GL{n,C)-conjugacy classes o/g[(n,C)- 
valued polynomials A{Q — Aq + Ai(^ + ^2C^ such that A{Q is regular for every C 
and the characteristic polynomial of A{(^) is (|2.ip . □ 

The correspondence is given by associating to a line bundle E on S its direct 
image V — 7r,£', which has a structure of a 7r,0-module. This is the same as a 
homomorphism A : V ^ ^(2) which satisfies (|2.ip . The condition E g J^~^ — 6 is 
equivalent to H°{S,E) = H^{S,E) = and, hence, to H°{F'^,V) = H'^{F'^,V) ^ 0, 
i.e. V = ® C'(^l)- Thus, we can interpret A as a matricial polynomial precisely 
when E G J^^^ - 6. 

Somewhat more explicitly, the correspondence is seen from the exact sequence 

(2.3) 0^Ot(-2)®"^O^"^£;(1)^0, 
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where the first map is given by 77 • f — A{C,) and E{1) is viewed as a sheaf on T 
supported on S. The inverse map is defined by the commuting diagram 

H°{S,E{1)) > H%Dc,E{l)) 

(2.4) A(C)^ 

H°{S,E{1)) > H°{D^,E{1)), 

where is the divisor consisting of points of S which he above C (counting mul- 
tiphcities). That the endomorphism A((^) is quadratic in ^ is proved e.g. in ^J. 
Observe that if consists of n distinct points pi, . . . ,p„ and if ip^, . . . -0" is a 
basis of H°[S, E{1)), then A(Co) in this basis is 

(2.5) A{Co) = [r{p^)] diag(,7(pi), . . . , r;(p„)) [^^ {p,)] , 

where [V-'"' (Pi)] is a matrix with rows labelled by i and columns by j. 

Remark 2.4. For a singular curve S, Beauville's correspondence most likely extends 
to Js^^ — 8, where Js-^ is the compactified Jacobian in the sense of [2 . It seems 
to us that this is essentially proved in [T]. 

Let K be the canonical (or dualising) sheaf of S. We have K ~ Os{'2n — 4). If 
E belongs to Jf~^ - 6, then so does E* ^ K and: 

Proposition 2.5. Let A(C,) be the quadratic matricial polynomial corresponding 
to E ^ J^^^ — 0. Then A{(^)'^ corresponds to E* (E) K . In particular, theta- 
characteristics outside Q correspond to symmetric matricial polynomials. 

For a proof, see [TO] . 

2.2. Real structure. The space T is equipped with a real structure (i.e. an anti- 
holomorphic involution) r defined by 

1 fj 

Suppose that S is real, i.e. invariant under r. Then r induces an antiholomorphic 
involution a on Pic S as follows. Let E he a line bundle on S trivialised in a 
cover {Ua}ai£A with transition functions gapiCiV) from Ua to Up. Then a{E) is 
trivialised in the cover {''"(C^q)}^,^^ with transition functions 



(2.6) ^' ■ ?2- 



from T{Ua) to T[Uj3). Observe that a{E) = t*E where "bar" means taking the op- 
posite complex structure. This map does not change the degree of E and preserves 
line bundles Os{i). As there is a corresponding map on sections 

(2.7) (T : s (— > r*s, 

it is clear that J^^^ —Q is invariant under this map. The ct- invariant line bundles are 
called real. Real line bundles of degree have JS)\ transition fmictions exp 5(^,77), 
where q satisfies: 

q{r{(,v)) = q{C,v)- 

On the other hand, a line bundle E of degree d = in, i G Z, on S is real if and only 
if it is of the form E = F{i), where is a real line bundle of degree 0. 
For bundles of degree g — 1 we conclude (see [10] for a proof): 
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Proposition 2.6. There is a 1 — 1 correspondenee between —Or and conjugacy 
classes of matrix-valued polynomials A{C.) as in Theorem \2.3\ such that there exists 
a hermitian h G GL{n, C) luith 

(2.8) hAah-'^^-Al, HAih-^ = Al, hA2h-^ = -A^. 



2.3. Hermitian metrics. Let S he a. real curve. 

Definition 2.7. A line bundle of degree g — 1 on S" is called definite if it is in 
— Or and the matrix h in (|2.8p can be chosen to be positive-definite. The 
subset of definite line bundles is denoted by ■ 

We easily conclude that there is a 1-1 correspondence between Jif^^ and U{n)- 
conjugacy classes of matrix- valued polynomials A[Q as in Theorem 12.31 which in 
addition satisfy 

(2.9) A2 = -Al, Ai = Al 

Definite line bundles have also the following interpretation (cf. [17]): 
For E = F{n — 2) G J^^ the real structure induces an antiholomorphic isomor- 
phism 

(2.10) a : H''{S,F{n~l)) H^^ (S , F* {n - 1)) , 

via the map (P?7| . Thus, for u, w € H° [S, F{n-1)) , v(j(w) is a section of Os(2n-2) 
and so it can be uniquely written |17[ [1] as 

(2.11) co77"-i + ci(C)77"'' + • • • + c„(C), 

where the degree of Ci is 2i. Following Hitchin [17] , we define a hermitian form on 
H%S,F{n-l)) by 

(2.12) {v,w)=CQ. 
The following fact can be deduced from [T7] : 

Proposition 2.8. A line bundle E = F{k — 2) G — Or is definite if and only 
if the above form on H^(^S, F{k — 1)) is definite. □ 

Let s, s' be two sections of F{n— 1) on S. The form (s, s') is given by computing 
the section Z = sa{s') of 0{2n - 2) on S. Writing 

Z(C,r/) = cov"-' + Ci(C)??"-' + • ■ • + c„(C) 

on S, we have (s,s') — cq. If PiCiV) = is the equation defining S, then for any 
Co, such that S fl 7r~^(Co) consists of distinct points, we have 



Co 



(Co,'))es 



= ^ Res 



Thus, if we write (Co, '7i), • ■ • , (Co, Vn) for the points of 5* lying over Co, then we have 
(2-13) (s,s) = 2^ r . 

Therefore, one can compute (s, s') from the values of the sections at two fibres of S 
over two antipodal points of (as long as the fibres do not have multiple points). 
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2.4. Flows. If we fix a tangent direction on J3^^(S'), i.e. an element q of i?^(S', 05 ), 
then the linear flow of line bundles on J^^^{S) corresponds to a flow of matricial 
polynomials (modulo the action of GL{n,C)). We shall be interested only in the 
flow corresponding to [r]/C] G H^{S, Os)- Following the tradition, we denote by L* 
the line bundle on T with transition function exp(— 177/(^) from Uq to Uoc- 

For any line bundle F of degree on 5 we denote by Ft the line bundle F 
LK We consider the flow Ft{k - 2) on J<^-^{S). Even if = Fq is in the theta 
divisor, this flow transports one immediately outside O, and so we obtain a flow 
of endomorphisms of Vt — H'^ [S, Ft{k — 1)). These vector spaces have dimension 
k as long as Ft(fc — 2) ^ 9. We obtain an endomorphism A{C) of Vt as equal to 
multiplication by 77 on _ff°(S'n7r~^(C), Ft(fc — 1)), where tt ; T ^ is the projection. 

To obtain a flow of matricial polynomials one has to trivialise the vector bun- 
dle V over R (the flbre of which at t is Vt). This is a matter of choosing a 
connection. If we choose the connection V° defined by evaluating sections at 
C = (in the trivialisation Uo,Uoo), then the corresponding matricial polynomial 
A{t,C) ^ Aoit) + Ai{t)C + A2it)C satisfies [HIIT] 

j^A{t,0^[Ait,0,A,m- 

As mentioned above, if F is a real bundle, then V has a natural hermitian metric 
(j2.12p (possibly indefinite). The above connection is not metric, i.e. it does not 
preserve the form (|2.12p . Hitchin [T7] has shown that the connection V = V° + 
^Ai{t)dt is metric and that, in a V-parallel basis, the resulting A{t,() satisfies 

j^Ait,C)^[AitX),A,{t)/2 + A,{t)C]. 

If the bundle F{k — 1) is positive-definite, then so are all Ft{k — 1). If the basis 
of sections is, in addition, unitary, then the polynomials A{t, C) satisfy the reality 
condition If we write Ao{t) = T2{t) + iT-i{t) and Ai{t) = 2iTi{t) for skew- 

hermitian Ti{t), then these matrices satisfy the Nahm equations: 

(2.14) T, + i J2 e^JfeK,Tfe]=0, i = 1,2,3. 

j,fc=l,2,3 

3. The monopole moduli space 

The moduli space of S'[/(2)-monopoles of charge n has a well-known description 
as a moduli space of solutions to Nahm's equations [221 13 • From the point of view 
of section [2^ monopoles correspond to spectral curves on which the flow L*{n — 1) 
is periodic and does not meet the theta divisor except for the periods. We can then 
describe the moduli space of SU (2)-monopoles as the space of solutions to Nahm's 
equations (f27T4|) on (0,2) with symmetry Ti{2 - t) = Ti{tY (cf. Proposition [231) 
and satisfying appropriate boundary conditions. 

If we wish to consider the moduli space of framed monopoles (which is 
a circle bundle over the moduli space of monopoles) and its natural hyperkiihler 
metric, then it is better to allow gauge freedom and introduce a fourth u(n)-valued 
function To(t). Thus we consider the following variant of Nahm's equations: 

(3.1) r,-f [ro,r,] + i ^ e,,fe[T,,rfe] = o , 1 = 1,2,3. 

i,fc=l,2,3 
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The functions Tq,Ti,T2,T3 are u(n)-valued, defined on an interval and analytic. 
The space of solutions is acted upon by the gauge group Q of C/(n)-valued functions 

To 1-^ gTog^^-gg^^ 

(3.2) T, ^ gT,g-\ i = 1,2,3. 

To obtain Ain we consider solutions analytic on (0, 2) which have simple poles 
at 0,2, residues of which define a fixed irreducible representation of su(2). The 
space A^„ is identified with the moduli space of solutions to ()3.ip satisfying these 
boundary conditions and the symmetry condition 7^(2 — t) — Ti(t)'^ , i — 0,1, 2, 3, 
modulo the action of gauge transformations g{t) which satisfy ^(O) — g{l) — 1 and 

The tangent space at a solution (Tg, Ti, Ta) can be identified with the space 
of solutions to the following system of linear equations: 

to + [To, to] + [Ti, ti] + [Ta, is] + [T3, ta] = 0, 
.0 o^ ii + [To, h] ~ [Ti, to] + [T2, t^] - [n, t2] = 0, 

^ ' i2 + [To,t2] - [Ti,t3] - [T2,to] + [n,ti] = 0, 

is + [To, ts] + [Ti,t2] - [T2, ti] - [T3, to] = 0. 

The first equation is the condition that (^0,^1,^2,^3) is orthogonal to the infini- 
tesimal gauge transformations and the remaining three are linearisations of (13. 
Again, the symmetry condition ti{2 — t) = ti{t)'^ holds. 
A4n carries a hyper kahler metric defined by 

3 „2 

(3.4) ||(io,ti,t2,t3)f = -^1 / trt,2(s)ds, 

i=0 







We now describe A4n and its metric in terms of spectral curves. Ain consists of 
pairs {S,^) where S £ |0(2n)| satisfies 

(3.5) H°{S,L'{n-l)) ^0 for.se (0,2), 

(3.6) L^s ^ O 

and 1/ is a section of of norm 1 (the norm is defined by ||!^||^ = i'<j{i') G O ~ C, 
where a is defined as in p.7p without the sign). This last condition guarantees in 
particular that L''{n — 1) £ J^^ for s G [0, 2]. 

Remark 3.1. In 17J there is one more condition: that S has no multiple components. 
This, however, follows from the other assumptions. Namely, an S, satisfying all 
other conditions, produces a solution to Nahm's equations with boundary conditions 
of Ain- Thus, S* is a spectral curve of a monopole and cannot have multiple 
components. 

With respect to any complex structure, A4n is biholomorphic to Rat„(P^) - the 
space of based (mapping 00 to 0) rational maps of degree n on . If we represent 
an {S, v) G Mn in the patch 7^ 00 by a polynomial P(?7, Q) and a holomorphic 
function vo{ri, C), then, for a given ^0, the denominator of the corresponding rational 
map is P{rj,Qo)- The numerator can be identified |20] . when the denominator has 
distinct zeros, with the unique polynomial of degree n — 1 taking values voiVi, Co) 
at the zeros 77^ of the denominator. 
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The complex symplectic form (i.e. L02 + i^'i for C, — Q) arising from the hy- 
perkahler structm-e is the standard form on Rat„(P^): 

(3.7) E^Ad,. 

where p{z)/q{z) £ Rat„(P^) has distinct roots ry^. 

The Kahler form {It^g-,-) where /^j, is the complex structure corresponding to 
Co G is given by the linear term in the expansion of (|3.7p as power series in 

C-Co. 

To complete the circle of ideas we recall, after Donaldson [T5| and Hurtubise 
[201 121], how to read off the section of from a solution to Nahm's equations. The 
Nahm's equations p.ip can be written in the Lax pair ■^A{t, () — [A{t, Q, A#{t, ()], 
where C is an afhne coordinate on P^ and 

A{t, C) = (T2 W + mit)) + 2T,{t)C + {T2{t) - zT3(t))C', 

A#(t,C) = {Ta{t)+iT^{t)) + {T2{t)-iT^[t))C 

In the case of monopoles, the residues at t = 0, 2 of A{t) and of A^{t) define 
irreducible representations of 5[(2,C), which are independent of the solution. In 
addition, the — (n — l)/2-eigenspace of the residue of A^ is independent of C and 
can be chosen to be generated by the first vector of Euclidean basis of C". There is a 
unique solution w{t, Q of j^w+A^w = satisfying C) (1, 0, . . . , 0)"^ 

as t — > 0. The rational map, for any Q ^ 00, corresponding to a solution to Nahm's 
equations is then C)"^(-2 — ^(1, C)) Q. Thus the section of L^, which is 

the numerator of the rational map, is (in the patch C 7^ 00) 

(3.8) v^ = w{l,Cf{z~A{\,(:)),^^w{lX)- 

4. The moduli space of two clusters 

We consider the space S^j of pairs (5*1, S'2) of compact, real curves 5*1 G 10(2^)1, 
S2 e 10(201 such that there exists a Z? C S": n S'2 satisfying 

(i) D U t{D) ^ Sif]S2 (as divisors). 

(ii) Over 5"!: L^lD - tId)] ~ O; over S2: L'^[t{D) - D] ~ O. 

(iii) H°{Si,L%k + l- 2)[-t{D)]) = and H° {S2, L'{k + I - 2)[-D]) = for 
s G (0,2). In addition the first (resp. second) cohomology group vanishes 
also for s — if fc < ^ (resp. I < k). 

(iv) (A: + ; - 2) [-r (D)] on S"! and (A: + ; - 2) [-£»] on 52 are positive-definite 
in the sense of Definition 12.71 for every real s. 

We now define the space Mk,i as the set of quadruples (Si, i^i, 82,1^2) where 
(»S'i,'S'2) S Sfe.;, I'l and 1^2 are sections of norm 1 of L^[D — t{D)] on Si and 
of L'^[t{D) — D] on S2, respectively. The norm of a section is defined as in the 
previous section (after p.6p ). 

We observe that Aik,i is a T^-bundle over E^, ^ (this corresponds to a framing of 
clusters). 

The space J^k,i is should be viewed as a "moduli space" of two (framed) clusters, 
of cardinality k and I. We shall show that A4k,i is equipped with a (pseudo)- 
hyperkahler metric. In the asymptotic region of M.k,i the metric is positive-definite 
and exponentially close to the exact monopole metric in the region of A4k+i where 
monopoles of charge k + I separate into clusters of cardinality k and I. 
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There is of course the problem whether curves satisfying conditions (i)-(iii) above 
exist and finding enough of them to correspond to aU pairs of far away clusters. 
Recall that Ratm(P^) denotes the space of based (cxo — > 0) rational maps on degree 
m. We are going to show 

Theorem 4.1. Let G — {oo}- There exists a diffeomorphism from Ratk (P^) x 
Rati{F^) onto an open dense subset A^^"; of Ai^.i with the following property. For 

every ^ ; g2(z) ) ^ Ratk (F^^ x Rati (¥^^ there exists a unique element (Si, vi, S2, 1^2) 
of AA'^i such that the polynomials Pi{(^,rj) defining the curves Si, i — 1,2, satisfy 
Pi{Co,v) = Qiiv) tt"'^ values of Vi at points of Tr~^{(^o) Si (in the canonical 
trivialisation of section \2.4\j are the values of the numerators pi at the roots of qi. 

A proof of this theorem will be given at the end of the next section. 
We can describe M.k,i (but not its metric) as a moduli space N^^i of solutions to 
Nahm's equations: 

(a) The moduli space consists of u(fc)-valued solutions on [—1,0) and of 
u(Z)-valued solutions on (0, 1]. 

(b) If fc > Z, then , i = 0, 1, 2, 3, and the k x k upper-diagonal block of 
T~, J = 1, 2, 3, are analytic at < = 0. The {k — I) x {k — I) lower-diagonal 
blocks of T~ have simple poles with residues defining the standard (fc — l)- 
dimensional irreducible representation of su{2). The off-diagonal blocks of 
T~ are of the form tC^"'"!)/^ x {analytic in t). Similarly, if Z > fc, then 
T;", i = 0, 1, 2, 3, r+ and the I x I upper-diagonal block of T+ , i = 1, 2, 3, 
are analytic at i = 0; The {I — k) x [I — k) lower-diagonal blocks of 
have simple poles with residues defining the standard {I — fc)-dimensional 
irreducible representation of 5u{2) and the off-diagonal blocks of are of 
the form x {analytic in t). 

(c) We have the following matching conditions at t = 0: if fc < i (resp. k > I) 
then the limit of the fc x fc upper-diagonal block of (resp. I x I upper- 
diagonal block of T!^) at t = is equal to the limit of T[' (resp. T^) 
for i = 1,2,3. If fc = I, then there exists a vector (V, M^) £ C^*^ such 
that {T+ + iT+){0+) - {T^ + iT-^){0-^) = VW'^ and T^{0+) - Tf (0_) = 
(|T/|2 _ \W\^)/2. 

(d) The solutions are symmetric at t = — 1 and at i = 1. 

(e) The gauge group Q consists of gauge transformations g{t) which are C/(fc)- 
valued on [—1,0], C/(Z)-valued on [0, 1], are orthogonal at i = ±1 and satisfy 
the appropriate matching conditions at t = 0: if fc < then the upper- 
diagonal fcx fc block oi g{t) is continuous, the lower-diagonal block is identity 
at i = and the off-diagonal blocks vanish to order (Z — fc — l)/2 from the 
left. Similarly for I < k. 

Remark 4.2. It is known that Nkj is isomorphic to the moduli space of SU{2)- 
calorons, i.e. periodic instantons [3T1[T3]. The matching conditions at i = are 
those for S'C/(3)-monopoles (cf. [22]). 

Remark 4.3. If we omit the condition that the Ti are symmetric at ±1 and allow 
only gauge transformations which are 1 at ±1, then we obtain the space Fk,i{—1, 1) 
considered in [9]. Thus A^fc,; is the hyperkahler quotient of Ffc^j (—1, 1) by 0(fc) xO(Z). 
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We have 

Proposition 4.4. There is a natural bijection between Mk.i cind Nk^i- 

Proof. According to [52] the flow L*(fc + I — 1)[—D] on Si and S2 corresponds to 
a solution to Nahm's equations (with Tq = 0) satisfying the matching conditions 
of Nk^i at i = 0. The condition (iii) in the definition of E^^; is equivalent to 
regularity of the solution on (—2,0) and on (0,2). Proposition 12 . 51 implies that the 
condition that the Ti are symmetric at ±1 corresponds to L"^ {k + 1 — l)\Si [^D] and 
L^(fc+/ — 1)|52[— ^] being isomorphic toPi(fc — 1) and P2(' — l), where Pi and P2 are 
elements of order two in the real Jacobians of £"1 and iS'2. Hence L~^{l)\g-^ [—D] ~ Pi 
and L\k)\sA-D] ^ P2- Squaring gives 1-^(21) ~ [2D] on 5*1 and L'^{2k) ~ [2D] 
on 82- Using the relations [D + t{D)] ~ 0(2/) on S-i and [D + t{D)] c:^ 0{2k) on S2 
shows the condition (d) in the definition of Nk^i is equivalent to (ii) in the definition 
of Efe_i. Therefore there is a 1-1 correspondence between S^^j and the spectral curves 
arising from solutions to Nahm's equations in Nk^i- Now, a pair of spectral curves 
determines an element of N^^i only once we have chosen r-invariant isomorphisms 
L^^il)\SihD] ~ Pi and L'^{k)\s2[~D] ~ P2 or, equivalently, isomorphisms in (ii) in 
the definition of T,k^i. Conversely, extending a solution to Nahm's equations, which 
belongs to N^^i, by symmetry to (—2, 0) U (0, 2) gives isomorphisms of (ii). □ 

The space Nk.i carries a natural hyperkahler metric, defined in the same way as 
for other moduli spaces of solutions to Nahm's equations. This is not, however, the 
asymptotic monopole metric, which will be defined in section [6l 

5. The complex structure of Nk,i 

As remarked above (Remark I4.3p . Nkj has a natural hyperkahler structure. We 
wish to describe Nk^i as a complex manifold with respect to one of these complex 
structures (the 5'0(3)-action rotating Ti,T2,Ts guarantees that all complex struc- 
tures are equivalent). As usual, such a proof involves identifying the hyperkahler 
quotient with the complex-symplectic quotient. We have not been able to show 
that all complex gauge orbits are stable (or equivalently, given Remark l4.31 that all 
0(fc,C) X 0(Z, C)-orbits on Fkj{—1, 1) are stable) and so we only describe an open 
dense subset of N^.i- 

We set a = To -I- iTi and f3 = T2 + iT^. The Nahm equations can be then written 
as one complex and one real equation: 

(5.1) f = [Aa] 

(5.2) ^^(^a + a*)^[a*,a] + [P*,P]. 

We define Akj as the space of solutions (a, 0) = ((a^, q;+), (/3~, /?"•")) to the com- 
plex equation (|5.ip on [— 1,0) U (0, 1] satisfying condition (b) of the definition of 
Nkj- Moreover (3 (but not necessarily a) satisfies conditions (c) and (d) of that 
definition. The space Ak,i is acted upon by the complexified gauge group Q^, i.e. 
the group of complex gauge transformations satisfying the matching conditions in 
part (e) of the definition of Nkj- Denote by ^ and ^ the subsets where /3(±1) 
are regular matrices. We have 

Proposition 5.1. A^^ ; = Al i/G^. 
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Proof. Let JVk.i be the space of solutions to (jS.ip and (|5.2p satisfying the conditions 
(a)-(d) of the definition of Nk.i, so that Nk.i — Afk,i/G- We have to show that in 
every t/'^-orbit in Akj, there is a unique ^/-orbit of an element of A4,i- First we 
rephrase the problem. Denote by Ak,i (resp. J\fk,i) the set of solutions to (|5.ip 
(resp. to both (|5.ip and (|5.2|) ) on (—2, 0) U (0, 2) satisfying the matching conditions 
of Ak,i (resp. Afk,i) at and, in addition, a^{±2 - t) = /?±(±2 - t) = 

(3^{t)^. Denote by (resp. G) the group of complex (resp. unitary) gauge 
transformations which satisfy the matching conditions of (resp. G) at and, in 
addition, .g(i)~^ = .g(-2 - t)^ if i < and g(i)"^ = .g(2 - if t > 0. We observe 
that 

Akj/G'' ^Akj/G"" and Afk,i/G^Afk,i/G. 

Indeed, the maps from the left-hand to the right-hand spaces are simply restrictions 
to [— 1, 0) U (0, 1]. To define the inverses, we can use an element of G"" or G to make 
Q!_(— 1) and a+(l) symmetric. We now extend the solutions to (—2,0) U (0,2) by 
symmetry, i.e. we put (Q;+(i), /3+(i)) — {a+{2 — t)'^,(3^{2 — t)^^ for t > 1 and 
similarly for (a _,/?__). 

We shall show that every ^"'-orbit in A^ ; contains a unique ^-orbit of an element 

of A/fc^;. We proceed along the hues of [21]. Given an element of Ak,i and an h G 
GL(m,C)/U{m), where m = min(A:,/), we can solve the real equation separately 
on (—2, 0) and on (0, 2) via a (unique up to action of G) pair of complex gauge 
trasformations on [—2, 0] and on [0, 2] such that 

(i) g- and g+ satisfy the matching condition of G^ sA t = 0; 

(ii) the upper diagonal m x m-blocks of g-{0) and of g+{0) are both equal to 
h; 

(iii) g_(-2) = 5^(0)-i and 5+(2) = gliO)-\ 

This is shown exactly as in [15 and in [21j. The condition (iii) and uniqueness 
guarantee that g^{t)^^ = g_(— 2 — t)^ and g^{t)^^ = g+{2 — t)^ , so that g^ 
and g+ define an element of G'^ ■ We now need to show that there is a unique 
h € GL{m,C)/U{m) for which the resulting solutions to Nahm's equations will 
satisfy the matching conditions at i = 0. i.e. that the jump A{a + a*) of the 
resulting a± = g±a±g± — g±g~^ at t = will vanish. To prove this we need 
to show two things: that the map h i— > tr(A(Q; + a*)'^) is proper and that the 
differential of ft, i-^ A{a + a*) is non-singular. 

To prove the properness of h i-^ tr(A(Q; -I- a*)^) we need Lemma 2.19 in [21] 
in our setting. We observe that Hurtubise's argument goes through as long as we 
can show that that logarithms of eigenvalues of <?_(— 1)*(7_(— 1) and of g^{l)* g+{l) 
have a bound independent of h. The next two lemmas achieve this. 

Lemma 5.2. Let B be a regular symmetric n x n matrix. The adjoint 0{n, <C)-orbit 
of B is of the form 0{n,<C)/T where T is a finite subgroup o/0(n, R). 

Proof. Since B is regular, the stabiliser of B in GL{n, C) is the set of linear com- 
binations of powers of B and hence consists of symmetric matrices. Thus any g 
which is orthogonal and stabilises B satisfies g^ — 1. Decompose g as e^^A where p 
is real and skew-symmetric and A real and orthogonal. Then stabilises ABA^^ 
and repeating the argument we get p = 0. Thus F is a closed subgroup of 0(n, M.) 
consisting of elements, the square of which is 1, hence discrete, hence finite. □ 
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Lemma 5.3. Let (q!i,/3i) and (02, /32) be two solutions to (real and complex) 
Nahm's equations on [~a,a\ which differ by a complex gauge transformation g{t), 
i.e. (q!2,/32) = 5(Q!i,/3i). Suppose in addition that g{0) is orthogonal and that (3i(0) 
is a regular symmetric matrix. Then 1/M < tr g* (0)g{0) < M , where M G [1, +00) 
depends only on a and on the eigenvalues o//3i(0). 

Proof. The previous lemma shows that, if g(Q) tends to infinity in 0(n,C), then 
so does /32(0) = g{Q)Pi{Q)g{0)-^ in 0[(n,C). The proof of Proposition 1.3 in f7] 
shows, however, that there is a constant C — C{a) such that for any solution 
(a, 0) to Nahm's equations on [—a, a], tr/3*(0)/3(0) < C + ^ where di are the 
eigenvalues of /3(0). □ 

It remains to prove that the differential of h ^ A(a + a*) is non-singular. As 
in |21| . we choose a gauge in which a = a* . Let 1 + ep be an infinitesimal complex 
gauge transformation (i.e. p S Lie^"') preserving the Nahm equations with p self- 
adjoint. The differential of A((5 -I- a*) is then — 2Ap. The fact that p preserves the 
Nahm equations implies that p satisfies, on both (—2, 0) and (0, 2), the equation 

p=[a*,[a,p]] + r,[/3,p]]-[r,/3],p]. 

We compute the L^-iiorm of (a, b) — (— p-f [p, a], [p, /?]) on an interval [r, s] contained 
in either [-2,0] or [0,2]: 

(5.3) I (-p+[p,a],-p+[p,a]) + ([p,/3],[p,/3]) =-trpp|^. 

J r 

Since p(±l) is skew-symmetric and p(±l) is symmetric, tr pp vanishes at ±1. Were 
the jump of p to vanish at 0, we would get 

-1 Jo 
and hence, in particular, [p, /3] = on both [—1,0] and on [0,1]. Then p(l) com- 
mutes with /3(1). As /3(1) is a regular symmetric matrix, its centraliser consists of 
symmetric matrices and hence p(l) is both symmetric and skew-symmetric, hence 
zero. For the same reason p(— 1) vanishes. We can now finish the proof as in 

m- □ 

One can now identify ^ as a complex affine variety. It is not however a 
manifold and for our purposes it is sufficient to identify a subset of N^^. We consider 
sets Al^i and the corresponding A^^""; essentially consisting of those solutions {a, /3) 
for which /?_(0) and /9+(0) do not have a common eigenvector with a common 
eigenvalue. More precisely, if k < I (resp. k > I) we require that there is no 
(A,w) G C X C'^ (resp. {\v) e C x C') such that l3-{0)v = Xv (resp. f3+{0)v = Xv) 

and limt^o(/5+(i) — = 0) (resp. limt^o(/5- (0 — X)v = 0), where u = ^ ^ ^ . If 

k = I and /3+(0) — /9_(0) = VW^ , we only require that W^v ^ for any eigenvector 
V of /3-(0) (if V 0, this is equivalent to f3-{0) and /?+(0) not having a common 
eigenvector with a common eigenvalue). We have: 

Proposition 5.4. A^"; is biholomorphic to i?a4(P^) x i?at;(P^). 

Proof. Given Proposition 15. H it is enough to show that A"'i/G^ is biholomorphic 
to Ratfe(pi) X Rat/(pi). 
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The case oi k < I. First of all, just as in jJT] [9j, we use a singular gauge 
transformation to make /3+(0) regular and of the form 

/ ... gi \ 



(5.4) 
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The quotient i/Q^ becomes the quotient B"i/Q'^ where Bk.i is defined exactly 
as Ak,i, except that the matching condition for /? at i = is now given by (|5.4p . 
The superscript rr means now that both /?_(0) and /3+(0) are regular and do not 
have a common eigenvector with a common eigenvalue. Since /3-(0) is a regular 
matrix, we can find an element of Q'^ which conjugates it to the form: 



(5.5) 
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The remaining gauge freedom are gauge transformations in Q'^ such that their 
upper-diagonal block h at t = Q centralises (|5.5|) . We want to use this gauge 
freedom to make (/i, . . . , /fe) equal to (0, . . . , 0, 1). 



Lemma 5.5. Let B he a matrix of the form 15.51 and let u = (ui, . . . , Uk) he a 
covector. There exists an invertihle matrix X such that XBX^^ — B and uX^^ = 
(0, . . . , 0, 1) if and only if uv ^ for any eigenvector v of B. If such an X exists, 
then it is unique. 

Proof. Since (0, . . . , 0, 1) is a cyclic covector for B, there exists a unique X such 
that [X, = and M = (0, . . . , 0, 1)X. The problem is the invertibility of X. We 
can write X as J2'i=o '^i^^ some scalars If we put B in the Jordan form, then 
it is clear that det X ^ if and only if X]i=o^ ^i^^ 7^ ^ ^^^^ ^^^y eigenvalue \oi B. Let 
V — {vi, . . . ,Vk)^ he aii eigenvector for B with the eigenvalue A. We observe that 
Bv — Xv and w / implies that Vk ^ 0. Since uv — {0, . . . ,0, l)Xv = Vk X]i=o^ c^A', 
we conclude that deiX ^ precisely when uv for any eigenvector v. □ 

Returning to the proof of the proposition, we observe that the condition that 
/3_(0) of the form 15.51 and /5+(0) of the form l5.4l do not have a common eigenvector 
with a common eigenvalue is equivalent to (/i, . . . , /fe)f 7^ for any eigenvector v of 
[3- (0) . Thanks to the above lemma we can now find a unique gauge transformation 
in Q'^ such that its upper-diagonal block /i at t = centralises ()5.5|) and which 
makes (/i, . . . , fk) equal to (0, . . . , 0, 1). The only gauge transformations which 
preserve this form of /?±(0) are those which are identity at t = (and hence at 
t = ±2). We can now find a unique pair (g-,g^) of gauge transformations on 
[—2,0] and [0,2] with 5±(0) = 1 which make a identically zero. Therefore sending 
{a,f3) to (/3+(0),g_(— 2),g+(2)) gives a well-defined map from A"i/G''^ to the set 
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of (B+,51,52) e 0[(^,C) X GL{k,C) X GL{l,C), where B+ is of the form 
with /3_(0) of the form {fi, ■ ■ ■ Jk) = (0,...,0,1), gr'/^-Wffi = /3-(0f> 

5^^-6+52 = -B^J^- Let us write i?_ for /3_(0). We observe that giving gi with 
= B;?^ is the same as giving a cychc covector wi for B- . The corresponding 
gi is , . . . ,B'^wf,wf). The pair corresponds to an element 

of Ratfc(pi) via the map {B^,wi) >^ wi{z - (1, . . . , 0)^. 

We claim that (_B_)_, 172) also corresponds to a unique element of Rat/(P^). This 
follows from 

Lemma 5.6. Let B+ be a matrix of the form (|5.4p with /3-(0) of the form (|5.5p 
and (/i, . . . , fk) = (0, . . . , 0, 1). There exists an invertible matrix A, depending only 
on /3_(0), which conjugates B^ to an I l-matrix of the form (|5.5p . 

Proof. Since B^ is regular we can represent it as multiplication by z on C[z]/(g_|_(2;)) 
where q+{z) = dei{z — B+). Let q-{z) = det(z — _B_). In the basis 1, z, . . . , z^~^ , B+ 
is of the form (|5.5p . while in the basis 1, z, . . . , z''^^, (/-(z), zg_(z), . . . , z'^''^^q^{z) 
it is of the form ([Sill) with /3_(0) of the form and (/i, . . . , A) = (0, . . . , 0, 1). 

□ 

Therefore we can consider, instead of (5+, 52), the pairs {AB+A^^ , Ag2A^) and 
proceed as for {B-,gi). 

The case of fc > L This is exactly symmetric to the previous case. 
The case of fc = L We have /3+(0) - (3-{0) = VW'^ . As in the case k < I we 
conjugate /?-(0) to the form ()5.5p . By assumption W^v ^ for any eigenvector 
V of /3_(0), so Lemma \5l5\ shows that we can make W'^ equal to (0, . . . , 0, 1) by a 
unique gauge transformation g{t) £ G"^ such that g{0) centralises /3_(0). It follows 
that /3+(0) is also of the form (|5.5p . The remainder of the argument is basically the 
same (but simpler) as for fc < L □ 

We observe that the above proof identifies the complex symplectic form of N"i . 
If we "double"thc metric, i.e. consider solutions on (—2,0) U (0,2) (just as at the 
beginning of the proof of Proposition lS.ip then the complex symplectic form is given 

by 

(5.6) [ tr(da_ Ad/3_) + /" tr{da+ /\ df3+) + tr{dV A dW'^), 

where the last term occurs only if fc = L Since this form is invariant under complex 
gauge transformations, going trough the above proof on the set where (3- and (3-^ 
have all eigenvalues distinct (compare also [3 [9]) shows that this form on Rat^ (P^) x 
Rat/(P^) is —oj- + UJ+, where uj± are standard forms on Rat/j(P^) and Rat;(P^), 
given on each factor by (|3.7p . 

We can now prove the existence theorem 14.11 For this we need to consider the 
correspondence in Proposition l5.4l for different complex structures, i.e. for different 
C £ P-'^ . This works essentially as in O [9] and shows that the denominators of the 
rational maps trace curves 5*1, S2 in Tik^i while the numerator of the first map gives 
a section ki of L^'^[t{D) — D] and the numerator of the first map gives a section 
K2 of L^[t(D) — D]. Setting I'l = cr(Ki) and 1^2 = K2 gives us an element of Mk,i- 
Since we had the correspondence between {curves, sections) and rational maps for 
Nk,i, we have one for Mk,i- 
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Remark 5.7. The proofs of 9 show that a section of the twistor space of Nk,i 
corresponding to {Si,ki,S2, K2) wiU he outside of Nl'-] for ( E tt{Si fl 5*2). 

6. The hyperkahler structure of Mk,i 

The space A4k,i has been defined in such a way that its hypercomplex structure 
is quite clear: the quadruples {Si, vi, S2, 1^2) are canonically sections of a twistor 
space. We can describe this twistor space by changing the real structure (and, 
hence, sections) of the twistor space of Nk^i- 

As already mentioned (Remark 14. 3p . the space iVfe,;, being a moduli space of 
solutions to Nahm's equations has a natural (singular) hyperkahler structure. Let 
us double the metric on Nk^i by considering solutions on (—2,0) U (0,2) just as at 
the beginning of the proof of Proposition 15. II Let p : Z[Nk,i) — > be the twistor 
space of this hyperkahler structure. The fibers of p correspond to iV^^; with different 
complex structures and so, by Proposition [531 each fiber has an open dense subset 
isomorphic to Ratfe(P^) x Rat;(P^). The real sections correspond to solutions of 
Nahm's equations and, by the arguments of the previous two sections, to quadruples 
{Si, Ki, 5*2, K2), where {Si, S2) G Sk,i, ki is a norm 1 section of L~'^[t{D) — D] on 
Si and K2 a norm 1 section of L'^[t{D) — D] on S2 (at least on the open dense 
subset of Nk.i). Consider the mapping 

(6.1) T : Z{NkA) ^ Z{Nk,i) 

defined in the following way. Let x — {Si, ki, S2, K2) be the unique real section 
passing through a point n e p^^(C) corresponding to the pair (/i, /2) £ Ratfe(P^) x 
Rat/(P^). If ^ ^ cxD and tt^^{C) n {Si U S2) consists of distinct points, then we can 
identify the numerator of /i with the unique polynomial taking values Ki{(^,r]i) at 
points rji where (C, rji) G 7r^^(C) n 5*1 (where, once again, we think of ki as a pair of 
analytic functions in the standard trivialisation in Uq, Uoo))- Define T{n) e 7r~^(C) 
as (51,52) G Ratfe(P^) X Rat/(P^) where 52 = /2, the denominator of 51 is the 
same as the denominator of fi and the numerator of fi is the unique polynomial 
taking values cr{Ki){C,r]i) at points {a is given in (|2.10p ). We can extend T by 
continuity to the remaining points of the fiber p^^{C) and, by doing the same over 
Uoo, to = 00. Observe that = Id. 

Let T denote the real structure of Z(^Nkj). We define a new real structure by 
r' — ToToT~^ and define Z as Z{^Nk,i) with real structure r'. The points of A4k,i 
are real sections of Z, since they are of the form T{x), where x — {Si, ki, S2, K2) is 
a real section of Z{Nk^i)- The normal bundle of each T(x) must be direct sum of 
0(1) 's, since through every two points in distinct fibres there passes a unique section 
(as this is true for the normal bundle of x). Therefore we have a hypercomplex 
structure on A4k,i- Finally, we modify the fibre-wise symplectic form on Z{Nkj) 
by taking lu^ + a;_ on each fiber (compare with the remark after (j5.6p V This is 
an C'(2)-valued symplectic form w on Z and evaluated on real sections of TZ, lo 
gives real sections of 0{2). Thus we obtain a (pseudo)-hyperkahler metric on AAk,i 
(which may be degenerate): 

Theorem 6.1. The space AA^- i carries a canonical hypercomplex structure. With 
respect to each complex structure an open dense subset of Mk,i can be identified 
with Ratk{P^) X i?ai/(P^). In addition, there is a pseudo-hyperkdhler metric (with 
degeneracies) on Mk,i compatible with the hypercomplex structure. The Kdhler 
form corresponding to Co of the hyperkahler metric is given ( on an open dense set, 
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where the roots of each rational map are distinct) by the linear term in the power 
series expansion of 



aroundQo, where {(^ , r]i) ,...,{(, rjk) are the points of n ^{C)riSi and {C, m+i) ,■■■,{( ^ Vk+i) 
are the points of it^^{C,) fl 5*2. 

Remark 6.2. The above construction of a hypercomplex structure via a change 
of real structure of the twistor space can be seen aheady in the twistor space 
description of Taub-NUT metrics in Besse [51, section 13.87. There a change of real 
structure leads to replacing the Taub-NUT metric with a positive mass parameter 
to one with a negative mass parameter. It is know that the Taub-NUT metric with 
a negative mass parameter is the asymptotic metric of charge 2 monopoles [3| |28j . 



We wish to expand Remark 14.31 The moduli space A^„ of S'C/ (2)-monopoles 
of charge n can be obtained as a hyperkahler quotient of a moduli space of 
S'?7(7T.-|-l)-monopoles with minimal symmetry breaking (see |14j for the case n = 2). 
Namely, Al„ is defined as the space of solutions to Nahm's equations on (0,1], 
which have a simple pole at f = with residues defining the standard irreducible 
representation of su(2), modulo gauge transformations, which are identity aX t — 
0, 1. The gauge transformations which are orthogonal aX t — 1 induce an action of 
0(n,M) on A4„ and M.n is the hyperkahler quotient of A^„ by 0(n,M). 

The nice thing about M.^ is that the spectral curves involved do not need to 
satisfy any transcendental or even closed conditions: A^„ is a principal [/(n)-bundle 
over an open subset of all real spectral curves. We now define an analogous space 
for Aik,i- It should be viewed as given by generic pairs of spectral curves with 
framing being U(k) x U{1). 

We consider first the space Fk.i, already described in Remark l4.3l It is defined in 
the same way as Nk^i (cf. Section 3]), except that the condition (d) is removed and 
the orthogonality condition in (e) is replaced by (/(il) = 1. In other words, F^^i 
consists of u(fc)-valucd solutions to Nahm's equations on [—1, 0) and of u(^)-valued 
solutions on (0, 1], satisfying the matching conditions of Nk,i at t = 0, but arbitrary 
at f = ±1, modulo gauge transformations which are identity a,t t — ±1 (and satisfy 
the matching condition of Nkj at t = 0. 

Fk^i is a hyperkahler manifold (9j and Nk^i is the hyperkahler quotient of Fk^i by 
0{k,M.) X 0(Z,M) (the action is defined by allowing gauge transformations which 
are orthogonal at t — ±1). The set of spectral curves, defined by elements of F^ i, 
is given by: 

Definition 7.1. We denote by Sk,i the space of pairs (S'i,S'2) of real curves G 
0(2^;)!, 5*2 e 10(2/)!, of the form (|2.ip . without common components, such that 
5i n 52 = £> + t{D), suppD n suppt(D) = 0, so that 



(i) H^{Si,L\k + l-2)[-T{D)]) = and {S2, L\k + I - 2)[-D]) = for 
t e (0,1]. In addition, if fc < / (rcsp. I < k), then H°{Si,0{k + I - 
M-r{D)]) = (resp. H°{S2, 0{k + l- 2)[-D]) = 0). 




7. Mk.l AS A HYPERKAHLER QUOTIENT 
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(ii) L\k + l-2)[-T{D)] on Si and L\k + l-2)[-D] on 52 are positive-definite 
in the sense of Definition 12.71 for every t. 

One can show that Fk.i is a U{k) x [/(/)-bundle over Sk,i, but we shaU not 
need this. What we do need is the complex structure of F^j or, rather, its open 
subset F"i , defined in exactly the same way as N"i . As in Section [5l we fix a 
complex structure and write Nahm's equations as the complex one and the real one. 
According to [S], Fkj is biholomorphic to W x GL{1, C), where , for k < l,W is the 
set of matrices of the form (I5.4|) . while for k = I, W is the set {{B-, B+,V,W) G 
0((^,C)2 X (CO^;-B+ - B_ = VW'^}. Thus Fk,i is biholomorphic to GL{l,C) x 
g[(fc, C) X 0*^+' . On the other hand, the proof of Proposition l5 .41 furnishes a different 
biholomorphism for Fji}] : 

Proposition 7.2. F^'i is biholomorphic to x GL{k,C) x C' x GL{l,C). 

Proof. This is the same argument as in the proof of Proposition 15.41 We can 
uniquely conjugate /3+{0) to a matrix of the form ()5.4p (resp. (|5.5|) ) if A; < Z 
(resp. k>l), with/3„(0) being a matrix J5_ of the form (|5.5p if fc < ^ and of the form 
(|5.4p if > and (/i, . . . , /fc) = (0, . . . , 0, 1) in both cases. There is a unique pair 
(g_,(7+) of gauge transformations on [—1,0] and [0,1] with g±{0) = 1 which make a 
identically zero. Thus gZ^(-l)B_.9_ (-1) = /3-(-l) and g+\l)B+g+(l) = /3+(l). 
The desired biholomorphism is given by associating to a solution (a(t),/3(t)) the 
invertible matrices 1), .g+(+l) and the characteristic polynomials of i?_ and 
B+. □ 

8. Spaces of curves and divisors 

This section is largely technical, given to fix the notation and introduce certain 
notions needed later on. 

8.1. The Douady space of C^. According to [30] and [12], the Douady space 
(C^) ™ , parameterising 0-dimensional complex subspaces of length m in C^, can 
be represented by the manifold T-Cm of GL{m, C)-equivalence classes of 
(8.1) 

H„ = {(AS,i;)efl[(m,C)2xC"; [A,B] = 0, C"' ^ SpSin{A' B^ v} ^^^^^ 



The correspondence is induced by the GL{n, C)-invariant map 




which assigns to {A, B, v) the complex space Z, the support of which are the pairs 
of eigenvalues of A and B (A and B commute), with Oz = 0{U)/I, where [/ is a 
neighbourhood of supp Z and / is the kernel of the map 

(8.2) ^ : 0{U) ^ C™, ij{f) = f{A, B)v. 

Let Y C (C^) X be the tautological subspace (i.e. {Z, t) eY t e supp Z) 

and let Wm be the pushdown of the structure sheaf of Y onto (C^) . As a vector 

bundle, the fibre of Wm at Z e (C^)'™' is H^{Z, Oz)- Following Nakajima [30], we 
call Wm the tautological vector bundle. In the above matricial model, Wm is the 
vector bundle associated to the principal GL{m, C)-bundle Hm over Hm. 

The next step is to make Wm into a Hermitian vector bundle. Given the 
usual correspondence between the complex quotient of the set of stable points and 
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the Kahler quotient, we can identify (cf. [30j) Tim with the manifold of U{m)- 
equivalence classes of 

7i„ = efl[(m,C)2 X C"; [A,B]^0, [A, A*] + [B, B*] + vv* ^ l} . 

The bundle Wm is now isomorphic to >^u{m) and, hence, it inherits a 
Hermitian metric from the standard metric on C™. More explicitly, this metric 
is defined as follows. Let Z G (C^)'™' be represented by {A,B,v) satisfying both 
equations in the definition of Hm, and let f,g€ Oz = 0{U)/I be represented by 
/,.g e 0{U). Then: 

(8.3) {f,g) = {fiA,B)v,giA,B)v), 

where the second metric is the standard Hermitian inner product on C™. 

8.2. The Douady space of TP^. We consider now the Douady space T'™! of 
T = TP^, parameterising 0-dimensional complex subspaces of length m in T. Recall 
that T = TP^ is obtained by glueing together two copies Uq, Uqo of C^. According to 
[12], we obtain tI™! by an analogous glueing of C/q'"' and We take two copies 
'^nn'^m (|8.ip . with "coordinates" A,B,v and A,B,v and glue them together 
over the subset det A^ ^ det A by: 

A = A-^, B = BA-^, v = v. 

Call the resulting manifold T„i. The glueing is GL(m, C)-equivariant and we obtain 

a manifold %n = 'Tm/GL{m, C) which represents tI™! . The tautological bundle W„i 

over T[™1 is the vector bundle associated to the principal GL{m, C)-bundle %n over 
T 

Remark 8.1. Unsurprisingly, one cannot glue together the unitary descriptions of 
J/q™', In particular, we do not have a natural Hermitian metric on Wm over 

8.3. Curves and divisors. Let d denote the space of all curves S G |0(2n)|, i.e. 
space of polynomials of the form Thus, C„ ~ C"'+2". Let C T x C„ be 
the resulting correspondence, i.e. 

(8.4) y„-{(t,5)eTxC„; teS}. 

We have the two projections: pi : 3^^ ^ T and p2 : C„. We denote by 3^„,m 

the relative m-Douady space for P2 : — > C„. It is a complex space [3^ with a 
projection p : yn,m — C„, and its points are pairs (S*, A), where S G Cn and A is 
an effective Cartier divisor of degree m on S. There is a natural holomorphic map 

(8.5) ^ ■■ yn,m ^ T^"'\ 

which assigns to (5*, A) the complex subspace Z = (supp A, Oa), where Oa is given 
by the ideal generated by A (as a Cartier divisor) and the polynomial (|2.ip defining 
S. 

We have two canonical subsets of 3^„^m: 

(8.6) yl^^{{S,A); «)^7r(suppA)}, y^^ = {{S,A); O^^(suppA)}. 

The map (j) maps J^^^^ ii^to C/q'"' and 3^^„j into U^^^ . 
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8.4. Line bundles. Let now E he a. line bundle on TP^, the transition function 
of which from Uq to Uoc is p{C,ri). We fix a trivialisation of E on Uq, Uoc (since 
H'^iTF^, O) — C, such a trivialisation of E on Uq, Uoo is determined up to a constant 
factor). 

For any {S, A) e 3^°_m, we obtain a map 
(8.7) $:i/0(5,£;|5)^i/0(suppA,OA), 

from H'^{S, E\g) to the fibre of Wm over (f>{S, A) by first representing a section by 
a pair of holomorphic functions sqj Stx) on Uq n S, C/oo H S*, satisfying = pso on 
n C/oo n 5", and taking an extension of Sq to some neighbourhood C/ of C/q fl S* in 

Uo. 

If we denote by £ the linear space over yn,m, the fibre of which over {S, A) is 
H'^{S, E\s) (i.e. £ is the puUback of the analogously defined linear space over C„), 
then $ makes the following diagram commute: 

£ Wm 

1 1 

Obviously the above discussion holds for y^.^^ as well. 

We now specialise to the case E = F{n + p— 1), where F is a line bundle on TP^ 
with ci(F) = 0. Let S G \0{2n)\ be of the form (PTTjl . and let A be an effective 
divisor on S of degree pn such that 

(8.9) {S,F{n+ p - 2)[-A]) ^0. 

Let Co G — 7r(supp A) and Z3^„ = S Ci (( — (q) be the divisor of points lying over 
Co- We write 

V = H"{S,Fin + p-l)) 

(8.10) Va = H°{S,F{n + p~l)[~A]) 
Vc,=H%S,Fin+p-l)[~D^,,]). 

The condition (|8.9p and the fact that F(n+p— 2)[— A] has degree equal to genus(S') — 
1 imply that the first cohomology of F{n + p — 2) [—A] vanishes. Therefore, the 
first cohomology of F{n + p — 2) and of F{n + p — 1) vanish as well. Consequently 
dim V = np + n and dim Va = n. Since [-D^o] — Os{l), dim V^^ = np, and 

H°{S,F{n + p-l)[-A-D^„]) = H\S, F{n + p - 2)[-A]) ^0, 

we have that 

(8.11) V^Va(BVc„. 
Moreover, we have an isomorphism: 

(8.12) y^o ^^°(suppA,i^(n+p-l)hi?Co])- 

Definition 8.2. We write yn,pn{F) for the subset of 3^„,p„ on which (|8.9p is satisfied. 

If Co G IP^7 then we write 3^n,pn(Co) for the subset of 3^n,pn on which Co ^ 
7r(suppA). We also write yn,pn{F,Co) = >'n,pn(Co) n 3^„,p„(F) and we use the 
superscripts 0, oo to denote the intersections of any of these sets with 3^° p„ or 

^ n,pn ■ 
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We write V,VA,VQg for the vector bundles over >'„,pn(Co), the fibres of which 
over {S, A) are, respectively, the vector spaces V, VA,VQg, given by (|8.10|) . 

If Co 7^ oo, then the isomorphism (|8.12p can be interpreted as the top map in 
(jS.Sp for E — F{n + p~ 1)[—D^g]. In particular, we obtain a Hermitian metric on 
V^o over 3^^ p„(^", Co)- Similarly, if Co 7^ 0, then we obtain a Hermitian metric on 
Vfo over3^;^p„(F,Co). 

We finally specialise to the case F — and we write, for any interval /: 

(8.13) yn,pnil) = f]yn,pniL'). 

The notation 3^„,p„(/, Co), 3^°,p„(^, Co) and 3^^p„(i^, Co) is then self-explanatory. 

8.5. Translations. Let c(C) be a quadratic polynomial, viewed as a section of 
7T*0{2) on T. It induces a fibrewise translation on T: 

which in turn induces a translation tc{Q ■ yn,m yn,m- We have a similar map on 
T[™1, given by 

(8.14) H„,3{A,B)^{A,B + c{A)) GHrn- 

We denote this map also by tc(^) . The following diagram commutes 

y t > 7^[m] 

(8.15) t,(c)| |*c(c) 

The formula (j8.14p defines a map on the tautological bundle over 

terms of Oz^ "Zi being a 0-dimcnsional subspace of length to, this map is given by 

(8.16) /(C,^)-/(C,'? + c(C)). 

We remark that this last map is not an isometry over C/q"*' or over t/oo ^ . 

9. ASYMPTOTICS OF CURVES 

In this section, we consider the asymptotic behaviour of two spectral curves, the 
centres of which move away from each other. We define first an iS'0(3)-invariant 
distance function between curves in C„. On distance is measured in the standard 
round Ricmannian metric of diameter tt on S'^ . This induces a fibrewise inner 
product on TP^. Let dn be the induced fibrewise Hausdorff distance between sets 
and TT : TP^ P^ be the projection. For two curves S' in |0(2n)| we define their 
distance d{S, S') by 

(9.1) d{S,S') ^mSix{dH{SnTr-\w),S' nTr-\w));w e S^} . 

The distance d is equivalent to the supremum of the Euclidean distance between 
roots of the polynomials (|2.ip defining S, S' as we vary C over a relatively compact 
open set. 

For a curve € C„, given in C/q by the equation 

?y" + ai(C)'7""' + • • ■ + an-i(C)?? + an(C) = 0, 
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we define its centre as 

(9.2) c(C)=ai(C)/n. 
In addition, we set 

(9.3) C(5) = {(C,r7);(77 + c(C))" = 0}. 

We shall consider next a pair of real curves Si G |C'(2fc)| and ^2 € 10(2/)!. Let 
Ci(C)iC2(C) be their centres. These are quadratic polynomials invariant under the 
antipodal map, and we write 

Ci(C) = zi + 2xiC - ziC", C2(C) = 22 + 2a;2C " ^2C'- 

Let 



(9.4) R = R{Si, S2) = Vi^i - ^2)2 + \zi - Z2P 
be the distance between the centres and let 

,^ . Xi - X2+ R , . Xi - X2~ R 

(9.5) C12 = — = = and C21 = — = = 

Zi — Z2 Zi — Z2 

be the two intersection points of the polynomials ci(C) and C2(C), i-e. the two 
opposite directions between the centres. Recall that 5*1 fl 6*2 denotes a complex 
subspace of T, and, in an appropriate context, a Cartier divisor on Si or S'2. 

Recall the set Sk,i of pairs of curves (plus a choice of a divisor D) defined in 17. II 
For every K > we define the following region of Sk.i- 

(9.6) SkA{K) = {{Si,S2)eSkr, d{S,,C{Si)) <K, t = l,2,}. 

A priori, we do not know that Sk.i (K) has nonempty interior (it could happen 
that, when R ^ 00, then d(^Si,C{Si)^ — > 0). We shall prove that it is so. First of 
all, we have 

Lemma 9.1. Let ci{() and C2{C) be two quadratic polynomials, invariant under the 
antipodal map. Then the pair of curves defined by (»/+Ci(C))'° — and (?7+C2(C))' — 

belongs to Sk,i. 

Proof. One needs to show that there exists a solution to Nahm's equations on 
[—1,0) U (0,1] with the correct matching conditions (those of Nk.i) at t = 0, and 
such that the corresponding spectral curves are the given ones. We can, in fact, 
find it on (— oo,0) U (0, +00). We observe that such a solution is a point in the 
hyperkahler quotient of Ffc^;(— 1,1) x Ok x 0{l) by U{k) x C/(/), where Ok and 

01 are regular nilpotent adjoint orbits in g[(fc,C) and g[(Z,C) with Kronheimer's 
metric ^25] and Fkj{—1, 1) was defined in Remark 14.31 One shows, as in [9, (using 
nilpotent orbits, rather than the semi-simple ones) that this hyperkahler quotient 
is a one-point set. □ 

The proof shows that a solution to Nahm's equations, corresponding to this pair 
of curves, exists on (—00, 0) U (0, -l-oo). Its restriction to [—1, 0) U (0, 1] defines an 
element of F"], as long as ci{() ^ C2(C)- Let (w*! , g° , w° , g° ) be the corresponding 
element of C'' x GL(fc,C) x C' x GL{l,C), given by Proposition O Observe that 
t;_ and i>-)_ are the coefficients of polynomials (77 + 01(0))*^ and (77 -|- C2(0))'. 

Proposition 9.2. For any L > 0, there exists a K — K{L, k,l) > with the 
following property. Let Ci{Q — Zi + 2xi(^ — ZiC,'^ , i = 1,2, and suppose that |zi — Z2I > 
1. Let {v-,g-,v+,g+) e C'' x GL{k,C) x C' x GL{l,C) and let q-{z) and q+{z) 
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be polynomials, the coefficients of which are given by the entries of V- and so 
that q-{z), qjf-{z) are the characteristic polynomials of B-,B+, defined in the proof 
of Proposition \77S\ Suppose that all roots of q-{z) (resp. roots of qj^{z)) satisfy 
\r - ci(0)| <L (resp. |r - C2(0)| < Lj and that 

(9.7) II lng*.9_ - ln(,g" || < 2L, \\ \ugXg+ - HgD* gl\\ < 2L 

(here In denotes the inverse to the exponential mapping restricted to hermitian 
matrices). Then the pair of spectral curves corresponding, via Proposition \ 7. 2\ to 
(w_,5_,t;+,.g+) lies inSk,i{K). 

Proof. Let r^ , . . . ,r^ (resp. s^, . . . , s' be the roots of q-{z) (resp. q+{z)). Consider 
a solution to Nahm's equations on (—00,0) U (0, +cx)), with the correct matching 
conditions at t = 0, and such that the corresponding pair of spectral curves is 
+ + 2a;iC - ?^C^) = and ]\^{ri + + 2x2Q - s*C^) = 0. Such a solution 
exists just as the one in Lemma |9TT] (this follows directly from 9J. Its restriction 
to [—1,0) U (0,1] defines an element of F"; and the proofs in 9 show that the 
corresponding g\,g\. satisfy the estimate (|9.7p . Let ((a_, a+), (/3_, /3+)) be this 
solution to Nahm's equations. Moreover, the estimates of Kronheimer pi] and 
Biquard [TT| show that for t < —1/2 and t>l/2 the solution to Nahm's equations 
is within some C from its centre (i.e. Ti{t) are within distance C from theirs 
centres for i — 1,2,3). Let h- = g-{g\) and h+ = g+i^gX) and let h^(t) 
(resp. h+{t)) be a path in GL{k,C) (resp. GL{l,C)) with /i^(— 1) — and 
h-(t) = 1 for t e [-1/2,0] (resp. h+{l) = h+ and h+{t) = 1 for i e [0,1/2]). 
Define a solution to the complex Nahm equation by acting on ((a^, a+), (/3_, /?+)) 
with the complex gauge transformations h±{t). If we now solve the real Nahm 
equation via a complex gauge transformation G{t), which is identity at ±1, then 
the corresponding element of C'^ x GL{k, C) x C' x GL{1, C) is the given one. On the 
other hand, the left-hand side of the real Nahm equation is bounded, because /3±(i) 
and {a±{t) + a±{t)*)/2 are within G from their centres for t G [-1, -1/2] U [1/2, 1]. 
Then it follows from estimates of Donaldson and Hurtubise (see section 2 in pT| ) 
that the hermitian part of GG~^ is uniformly bounded at t = ±1, which proves the 
estimate {K is determined by G and the bound on GG^^{±1). □ 

As a corollary (of the proof) we can give an estimate on spectral curves of clusters 
in terms of the corresponding rational map: 

Corollary 9.3. For any L > 0, there exists a K = K(L, k,l) > with the following 

property. Let {j^j^, fflzj) ^ ^s±k{^^) x Rati(P^) be a pair of rational maps and 

let Pi, . . . , Pi (resp. (3f,...,f3f) be the roots of qi{z) (resp. q2{z)). Suppose that 
the functions satisfy: 

(i) \Pl - I3j\>l for anyi,j. 
ill) \(5f - /3| I < 2L for any i,j and s = 1, 2. 
(iii) |ln|p,(/?f)| -ln|p,(/3|)|| <2Lforanyi,j and s^ 1,2. 

Let {Si, S2) € 'Sk,i correspond to the above pair of rational functions via Proposition 
[53 Then {Si,S2) G Sk,iiK). Moreover, if hi = EPl/k, 62 = El^f/l, - 
^\n\pi{(3l)\/2k, a2 = E^n\p2{f3f)\/2l, then \b, - Zs\ < K , \a, - ys\ < K , s = 1,2, 
where Zg + 2ysC, — z^C,"^ is the centre of Ss- n 
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Proof. Once again consider the solution ((a_,Q;+), (/3_, /?-(-)) to Nahm's equations 
on [-1,0)U(0,1] with ^ (3l , i ^ 1, . . . , k, = /3|, j ^ 1, . . . ,1, Xs = a^, s = 1,2. 
The assumption (i) and Kronheimer's estimates [24j imply that, near t = ±1, the 
solution is within some constant C from the diagonal one (after acting by U{k) 
and U{1)), and that the derivatives of the solution are bounded by C. Let us 
act by a complex gauge transformation, which differs from the identity only near 
±1 and which diagonalises there (3±. We also require that a± becomes diagonal 
near ±1 and that after extending this solution to the complex Nahm equation to 
[—2, 0) U (0, 2] by symmetry, it corresponds, via Proposition 15.41 to the given pair of 
rational maps. The remainder of the proof follows that of the previous proposition 
word by word. □ 

We observe that if {Si, S2) £ SkA{K) and p G supp5i n 52, then tt{p) is within 
b{K)/R from either (12 or from C21 for some function b{K). We would like to argue 
that 7r(p) must lie within h{K)/R from but we can only prove a somewhat 
weaker result: 

Proposition 9.4. For every L > and S > 0, there is an Rq with the following 
property. Let (5*1, S'2) G Sk,i be obtained from a (;_, 5+) G C*"' x GL{k,C) x 
C' X GL{l,C), which satisfies the assumptions of Proposition and suppose, in 
addition, that R{Si, S2) > Rq. Then the divisor I? C 6*1 H 6*2 may be chosen so that 
7r(suppl?) is within distance d from the point (.21- 

Proof. First of all, observe that the subset of Sk.i described in the statement is 
connected, since the corresponding subset of C'^ x GL{k,C) x C' x GL{l,C) is. 
Therefore, it is enough to show that there is (5*1, 52) in this subset such that 
7r(suppZ?) is within some small distance, say 1, from C21. For this we take again a 
pair of completely reducible curves and consider the corresponding Nahm flow as 
in [5]. The divisor D can be read off a solution to Nahm's equations as in pp. 
73-76. This, together with a more explicit description of solutions for reducible 
curves, given in Sections 5, 6 and 7 of [9] (in particular, the formula 6.10 together 
with Lemma 9.6 of that paper) shows that D (which is now a Weil divisor) can 
be chosen as those points of Si n S2 which are closer to C21 than to C12 (a word 
of warning: the Nahm equations in [22j have a different sign, corresponding to the 
change t — > —t). □ 

We now give a picture of the asymptotic behaviour of curves in T,k,i, analogous 
to that of monopole spectral curves given in [3], Propositions 3.8 and 3.10. Before 
stating the result, we need to define an appropriate subset of Tjkj. 

Definition 9.5. We denote by 'SkjiK) the subset oiY.k.iCiSkjiK) defined as follows. 
If 7r(5i n 5*2) is within distance 1 from {Ci2,C2i}, then (51,52) G T,k,i{K) if and 
only if D can be chosen so that 7r(supp_D) is within distance 1 from the point (^21- 

Remark 9.6. Proposition 19.41 implv that curves corresponding to rational maps 
satisfying the assumption of CoroUarv 19.31 belong to T,k.i{K). 

Proposition 9.7. Let (5", 53) be a sequence of points in T,k,i{K) such that the 
distances i?„ between the centres of Si and S2 tend to infinity. Let P"(C,??) = 
and P2{C,v) = be the equations defining Si and S2 and c"(C), C2(C) the centres 
of 5|" and 5J. Then the centred curves P^{C, ry - 05^(0) = 0, P^{C, ri - dUC)) = 
have a subsequence converging to spectral curves of monopoles of charge k and I, 
respectively. 
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Proof. We prove this for 5*2 . The centred curves, given by the polynomials P2 {C,V~ 
C2 (C)) = 0; lie in a compact subset, and so we can find a subsequence converging 
to some S^. Let i?„ = R{S't', S^). The divisor of P^" on is the same as that 
of /{Rn)^. The latter has a subsequence convergent to c(C)'^, where c(C) is a 
quadratic polynomial. Write C12 and (21 for its roots, as in (|9.5p . Proposition 19.41 
implies that the translated divisors A„ = {{C,,'n)'i{Qi'n ~ C2(C)) £ Dn} converge 
to fcZ?^2j on (recall that Dq^ denotes the divisor of (C — Co))- Consider now 
the corresponding solutions to Nahm's equations, given by Proposition 14.41 The 
solutions shifted by the centres will have a convergent subsequence on (0, 2), thanks 
to Proposition 1.3 in [7 . Therefore, the sections of L*(fc + 1 — 1)[— A„] converge to 
sections of a line bundle over . This line bundle must be L*-{k + l — 1)[— fcD^^J ~ 
L*{k — 1), and, hence, the limit Nahm flow corresponds to L*-{k — 1). Since the 
limit flow is nonsingular, H°{S^,L\l - 2)) = for t G (0,2). In addition, if the 
Nahm matrices were symmetric ai t — 1 for 6*2 , then they are symmetric for 5*1°, 
and, hence, is trivial on . Finally, S"^ does not have a multiple component, 
thanks to Remark l3.1l □ 

The proof shows that the divisors Dn and T{Dn), translated by the centres, 
converge as well. Observe, that we have embeddings Sk,i ^ 3^fe,fei ((0, 2)) and 
Sk,i ^ yiM ((0, 2)) (recall ^M), given by 

(9.8) {Si,S2)^{Si,T{D))eykM, {Si,S2)>^{S2,D)eyiM- 

From the proof of the above proposition, we have: 

Corollary 9.8. Let Ei{K) (resp. 'E.2{K)) be the subset of T.k,i{K) defined by 
ci(C) — (resp. C2(C) = and R>1. Then Si(i^) is a relatively compact subset 
of yk,ki{(^T'^)) ^'^^ '^2{K) is a relatively compact subset 0/ 3^;,;^ ((0, 2)) . 

We also have: 

Corollary 9.9. There exists an Rq, such that, for all {81,82) G T,k^i{K) with 
R{8i, 82) > Ra, neither 81 nor 82 has multiple components. 

Proof. If this were not the case, then the limit curves obtained in Proposition 
(|9.7p would also have a multiple component, and could not be spectral curves of 
monopoles. □ 

10. ASYMPTOTICS OF MATRICIAL POLYNOMIALS 

We shall now consider the flow L*(fc + / - 1) on 5*1 U 5*2 for (5'i,S'2) S S/c,i 
(defined in l9.5p . Observe that the corresponding matricial flow A{t, () has poles at 
t — corresponding to the irreducible representation of dimension k + 1, and so the 
boundary behaviour of SU (2)-monopoles. Of course, it does not have the correct 
boundary behaviour at i = 2, but we are going to show that, in the asymptotic 
region of l^k,iiK) C T,k,i CiSk^iiK), the corresponding matricial flow is exponentially 
close to the block-diagonal matricial flow corresponding to L'^{k + l — 1)[—t{D)] on 
81 and L*{k + I — 1)[—D] on 82. In particular, it is exponentially close to being 
symmetric at t = 1, and so we can construct an exponentially approximate solution 
to Nahm's equations with the correct (monopole-like) boundary behaviour by taking 
A{2-tXV on [1,2). 

We are going to prove 
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Theorem 10.1. For every K > 0, S > 0, there exist an Rq, a > 0, C > such that 
for any (Si, S2) G T,k,i{K) with R{Si, S2) > Rq the following assertions hold 

1. The line bundle L*(fc + / — 2) on Si U S2 does not lie in the theta divisor 
for any t £ (0, 2). 

2. For any i G [6,2 — S], the line bundle L*{k + I — 1) can be represented by a 
matricial polynomial A{t,C) = {T2 (t) +1X3 (t)) + 2Ti {t)C+ (T2 (t) - iTg {t))C 
such that the matrices are skew-hermitian and the Ti{t), i — 1,2,3, are 
Ce^^^-close to block- diagonal skew-hermitian matrices Ti{t) with blocks 
defining a given matrix-polynomial representation of L*{k + I — r(D)] 
on Si and L^{k + 1 — 1)[—D] on 82- 

The second part of the theorem can be strengthened. Let us write 

A{t, c) = {f2{t) + i%{t)) + 2fi(t)c + {f2{t) - i%{t))e. 

Theorem 10.2. With the notation and assumptions of the previous theorem, there 
exists a map 5 : [(5, 2 — 5] x P"*^ — > SL{k + Z,C), analytic in the first variable and 
meromorphic in the second variable, such that g{t, QA(t, C,)g{t, C,)~^ — A{t,(), for 
any {t, Q G [J, 2 - 5] x Moreover: 

(i) There are constants C, a > such that, for any t d [S,2~S] and any Ci , C2 £ 
Pi with \Q-Ci2\> 1/2, 10 -C21I > 1/2, 1 = 1,2, \\g{t,Ci)g{tX2r^-l\\ < 
Q^-aR matrices). 

(ii) // we write g in the block form as ( ) , with gn being k x k 

\ 921 922 J 

and 922 I x I, then the only poles of C) o.'^^d 9i2{t,C) may occur at 

C G 7r(supp r(D)) and the only poles of 92i{t, C) o'^^ .922 C) "^0,1/ occur at 
C G 7r(suppD). 

The remainder of the section is taken by a proof of these theorems. 

Step 1. Let Pi{(,r]) = 0, P2{(,r]) = be the equations of Si and 5*2. Let 
ci(C)i C2(C) be the centres of 6*1, S'2 (defined by (|9.2p ). Consider the effect of shifting 
the curves by the "total centre" C12 = ^^7^1+^7^02, i.e. curves defined by Pi{C,,t] — 

ci2(C)) = 0, P2{C,,rj — ci2(C)) = 0. The effect is the same on matrices Ti and Tf. 
adding a matrix in the centre of U{k + I). Thus, we can assume, without loss of 
generality, that ci2(C) = 0, i.e. that the centres of curves Si, S2 satisfy 

(10.1) fcci(C)+Zc2(C) = 0. 

We can also assume, using the S'0(3)-action, that C21 = (recall (|9.5p ). This means 
that the centre of is |^ (i? = i?(S'i, S'2)), and the centre of S2 is Finally, 
thanks to Proposition 19.41 we can take i?o large enough, so that 7r(supp-D) C 
5(0,1/2). Choose now a Co G P^ with d(Co, 0) > 1/2 and d{C,o, 00) > 1/2. Following 
(I5TTU)) . write 

V\t)=H"{S„L\k + l-l)), Vl^{t) = H°{S„L'{k + l-l)[-Dc,]), i^l,2, 

Viit) = H^Si,L\k + I - 1)[-t{D)]), Vl{t) = H\S2,L\k + l-l)[-D]). 
For t G (0, 2), we have the decompositions (|8.1ip : 

V\t) = Vl{t)®Vi{t), ^^l,2. 
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The idea of the proof is that sections of V^{t) and V'^{t), which are, in this decom- 
position, of the form s + (s G V^{t)), are exponentiaUy close (in a sense to be 
defined) to sections of L*{k + / — 1) on 5i U 52- 

Step 2. We now consider arbitrary curves and divisors, as in Section [S] Recall, 
from Section [m the vector bundles V''{t),V}^{t),Vl^{t) over yk,ki (Co) and 3^;,^; (Co), 
the fibre of which at (Si, 5*2) are {t) ,V^{t) ,¥,^^{1) . We denote by the same letters 
the corresponding vector bundles over Sk,i or, rather, over the subset Sk,i(Co), on 
which Co 7r(supp5i fl ^2). We shall usually not write this Co, keeping in mind, 
that it should be inserted wherever V^^ (t) is discussed. 

There are embeddings Aii,Ai2 : Sk,i yk,ki and A2i,A22 : Sk,i yi,ki (cf. 
(EH)): 

(10.2) K,{Si,S2) = {Sj,t\D)), i,j = 1,2 

(recall that = Id). Observe that An maps into J^jf).;, A12 into yj^i, A21 into 3^°^; 
and A22 into 3^°^;. We have the maps i,j — 1,2, defined as follow: $11 is the 
top map in dSTS]) over y^^.i for £ = V^^^(i), <i>2i is the top map in (ISTS]) over y^j^i 
for £ = Vl^{t), $12 is the top map in (EH) over for £ = V|„(t), and, finally, 
$22 is the top map in (|8.8p over J^^*^,; for £ = V^^^{t). We have the corresponding 
maps Aij for the bundles V^^-^it) over Sk,i- 

A section of L*(fc + Z — 1) on U 5*2 corresponds to a pair of sections si G 
H°{Si,L\k + l-l)), S2 e H°{S2,L\k + l-l)) such that 

(10.3) An(si) = Ai2(s2), A2i(.si) = A22(s2). 

We shall want to write these equations in terms of bases. Recall, from Corollarv l9.81 
the subsets Ei{K) and 'E.2{K) of Y.k^iiK). The argument in the proof of Proposition 
19.71 shows that Xij{Ej{K)) are relatively compact sets for i,j = 1,2. We write 
Sij{K) for the compact sets Xij{Ej{K)). CoroUarv 19.81 savs that Eii{K) (resp. 
S22(i^)) is actually a subset of y^f.i ((0, 2)) (resp. a subset of yj'f.i ((0, 2))). Recall, 
from the end of Section [831 that the bundles V^^it) over y^fe,((0,2)) and V^„(t) 
over y^ ).[ (^{0 , 2)) have Hermitian metrics induced by maps $11 and $22- These 
gives us Hermitian metrics on V^^(t), j ~ 1, 2, over Sfc^;. In other words, we choose 
Hermitian metrics on these bundles which make An and A22 isometric. Since 
Sii(if) and S22(-ft^) are compact, there exists a constant M = M{K,t), such that 
any vector si of length one in the restriction of V^^(i) to Eii{K) and any vector S2 
of length one in the restriction of V^^^(t) to 'B.22{K) satisfies: 

(10.4) |$2l(si)|<M, |$12(S2)|<M. 

For V^{t), we have given bases (unitary with respect to (I2.12p ) u'^, r = 1, . . . ,Sjik + 
5j2l, in which multiplication by ry is represented by the chosen matricial polynomials. 
Again, we can assume that over Eii{K) and 'E.22{K) 

(10.5) |$2i«)|<A/, \^i2{ul)\<M. 

Remark 10.3. In both (|10.4p and (|10.5p . we can replace $y with A^. Given (5 > 0, 
we can choose an M = M{K,6), such that (fTOl)) and p0?5)) hold with this M for 
all t G [S,2-S]. 

We now write Ei{K,R) (resp. 'E.2(K,R)) for the subset of Y.k.i{K) defined by 
ci(C) = !^ (resp. C2(C) = -^)- We define similarly sets (K, R) for ij = 1, 2. 
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We observe that 'E.ij{K,R) are obtained from :^ij{K) by the map icj (c) defined in 

Section [531 Let (resp. W^) be the tautological bundle over C/i^' (resp. J/g™'). 
Consider the analogous maps t^. on Wj'„ , given by (|8.14p or (|8.15p and define new 
Hermitian metrics on Wj^ by pulling back the old metric via tcj(c)- This induces 
new Hermitian metrics on V^^(t), j = 1,2, over Sk^i- In particular, these are the 
metrics we shall consider for {81,82) G ^i{K, R) n ^2{K, R). 
We need the following 

Lemma 10.4. Let 8 G C„ be defined by P((,ri) = and let c{() = z + 2xC — z('^ 
be its centre. Define the corresponding centred curve 8'^ by P(C, ^7 — c{C)) = 0. For 
any m G N and any t G C there is a 1-1 correspondence between sections of L^(m) 
on 8 and on 5^. The correspondence is given by 

sg(C,77) = e'^^-'^^hoiCv- ciO), sl^iCv) = e*(— ^/«)s„o(C,^ - c(C)), 
where SqjSoo represent a section of L*{m)\g in the trivialisation U(),Uoo- 

Proof. We check that Sq, define a section of L*-{m) on 8^: 

(e-tc(C)/Cet(.-^C)) (e-*(''--(C))/«so(C,?y-c(C))) = 

e*(™/Os^(C,r,-c(C)) = sSo(C,^)- 

□ 

Step 3. We go back to [81,82) as in Step 1, i.e. {81,82) G S^,; with i?(S'i, S'2) = 
i? and C21 = 0. We write {81,82) (resp. {81,81)) for the translation of 6*1 and 
82 by — ci(C) (resp. — C2(C))- Thus 6*1 and S"! have null centres. Let u^' be the 
basis of V^{t), in which multiplication by 77 is represented by the chosen matricial 
polynomials. We observe that for 8j is obtained, via the formula in Lemma [10.4) 
from u^j for Sj. Let v^, p = 1, . . . , fc^, j — 1, 2, be unitary bases of H'^ {8j , {k + 1 — 
1)[—D(^gfj, with respect to the metrics defined in Step 2. Lemma [10.41 gives us bases 

of H°{8j,L\k + I - l)[-Di^„]). With respect to the metrics on H^{Sj,L\k + 
I — 1)[— D^q]), defined just before Lemma [10.4^ we have: 

(10.6) {i{,vl)=5,,e'm, {vl,il)^5,,e'^. 

For any ul we seek wi G H^{8i,L\k + / - l)[-i:'co]) and W2 G H^{8i,L\k + 
Z - l)[-£'co]) so that (cf. (fma ) 

(10.7) Aii(?i;i) - Ai2(u;2) = -Aii«), A2i(wi) - A22(u'2) = -A2i«), 

and similarly for Mj. We write wi = X^^i^i and ?«2 = ^2*^2 that p0.7p 
becomes the matrix equation: 

( Bii ^12 V ^1 ^ = ^1 ^ 

^ B2I B22 )\X2 ) \ C2 )■ 

. . IRt kRt 

From (|10.6p . we know that Bn — 6*=+' ■ / and i?22 = e'=+' • /. On the other 
hand, (|10.4p . (jlO.Sp . Remark 110.31 and Lemma [10.41 implv that all entries of i32i are 

_ llit _ kRt 

bounded by Me , while all entries of B12 are bounded by Me . In particular, 
the matrix B is invertible, if Rt is greater than some N = N{k, I, M) = N{k, I, K). 
This holds for t G [5,2 ~ 5\, if i? is sufficiently large. Similarly, if we solve p0.7p 
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with the right-hand side given by Ui, then Ci = and every entry of C2 is bounded 
by Me~"^. If we solve (I10.7P with the right-hand side given by 1*2, then C2 = 
and every entry of Ci is bounded by Me~"^. It follows that, if t e [5,2 — 6] and 
R > Rq, then the entries of xi and X2 satisfy: 

(10.8) \xP\ < Me-^\ \xl\ < Me-^\ 

for a new constant M = M {K, 6). 

Step 4. We show that the basis of H^(^Si U ^2, i*(fc + / — 1)), obtained above, 
can be replaced by a unitary one. Let ul, . . . ,u'l and . . . , 1*2 be the (unitary) 
bases of H°{Si,L\k + 1 - 1)[-t(D)]) and H°{S2,L*{k + 1 - 1)[--D]), in which the 
multiplication by 77 gives the chosen matricial polynomials. Step 2 has given us, for 
te [6,2-6] a. basis of H^{Si U 5*2, L*(fc + ? - 1)) of the form 

(10.9) {ul + wl,wl), . . . , (mJ -f w'l,w!^), iyl,ul + y^), {y{,u\ + y^), 

where wl,yf G H°(Si,L^{k + I — 1)[—_D (;„]). We claim that this basis is almost 
orthonormal with respect to ((27T2)) on H°[Si U S2,L\k + I - 1)). We use the 
formula ((2l3l) for the metric on U 5*2, L\k + ^ - 1)) and on fl"°(5„ L*(fc + 

I - 1)[-T*(D)]) , i = 1, 2. Observe that on 5*1 U 5*2, this formula can be written as 

nnin\ / \ T3 ^iC^(wi)(?7,Ci) , ^ V2<y{w2)(j],Cx) 

(10.10) {v,w)= ^ Res + ^ Res , 

(vXl)es^ ^yV,^i) i^xi)es, 

where P ~ P1P2 is the polynomial defining S — SiU S2 and (^i is an arbitrary point 
of P\ 

Let now v,w be arbitrary sections in H'^(^Si, L*{k + / — 1)). Then va{w) is a 
section of 0{2k + 2Z — 2) on 5*1, and according to [221 Lemma(2.16)], it can be 
written as X^t^o ^ ^7 Vi (C) with deg /; = 2fc -I- 21 — 2 — 2i. This representation is not 
unique: adding any polynomial of the form h{C,, r])Pi{C,, rf) defines the same section. 
Nevertheless, 

does not depend on the representation, as long as Ci ^ 7r(suppS'i fl 6*2). With our 
choice of (,21, Proposition 19 .41 implies that there is an i?o such that, for R{Si, S2) > 
Ro and B = {(; 1/2 < |C| < 2} n 7r(supp S'l n 52) = 0. The above discussion is valid 
for v,w G i/°(S'i, L*{k + l — 1)) as well, and, therefore, on the set 

TP = {{81,82) & ^kAK)-X2i^Q,R{Si,S2)> Ro], 
we have well defined quantities 

(10.11) A^,(t;,u;) = sup 

C6B 



V Res 



for any v,'W G H^[8i,L*{k + I - 1)), i — 1,2. Observe that the Ni equal the 
corresponding Ni for v'^, w'^ — 1)), obtained via Lemma [10.41 The 

Ni are upper semi-continuous as functions on V^©V^ over and the compactness 
argument, used in Step 2, guarantees that there is a constant N — N(k, I, 6) such 
that 

N,{uldf),N,{i:,it)<N, 1^1,2, 
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for all (5*1, S2) E Y.k.i{K), t e [6,2 — 6], and all r,p, s, where the are the bases of 
i/°(S'j,L*(fc + /-l)[-£'co])' defined in Step 3. Now, the estimate pTTH)) shows that 
the matrix of the form (|10.10p evaluated on the basis (|10.9[) is iVe^''^*-close to the 
identity matrix (different N). We can, therefore, for any t £ [6,2 — 6], use the Gram- 
Schmidt process and modify the bases uj, . . . , of i7°(S'i, — t(£))]) and 
u\,...,u\ oiH°{S2,L\k + l~l)[-D]) by vectors of length iVe"-^* (relative to these 
bases), so that the solution of ()10.7p will be unitary in H°(^Si U S2, L*[k + / — 1)). 

Step 5. We prove Theorem 110.21 which also proves the second statement of 
Theorem llO.il We have a unitary basis of iJ"(5i U 6*2, L*(fc + / — 1)) of the form 

(|10.9|) . We rename u\, . . . ,u\,u\, . . . ,v}2 as "01, ... , V^fe+i and we rename the basis 
(|10.9|1 as Vi, ■ • ■ , '0fc+(- The matricial polynomials A{t,C,) and A{t,C,) represent 
multiplication by 77 in the bases ipi and V'i- The formula p.4p defines g{t,() and 
shows that it is meromorphic in ^ with only possible singularities at points of 
7r(suppS'i n 52). The (j2.5p shows that, at any point ( e P^, such that suppD^ on 
S'l U 5*2 consists of fc + Z distinct points pi, . . . ,pk G ^i, Pk+i, ■ ■ ■ iPk+i G ^2 (such 
points are generic, thanks to Corollarv l9.9p . we have 

g(t,C) = [^^■(pO]~'[^^(pO]. 

In particular, g{t,C,) satisfies the assertion (ii) of Theorem 110.21 Moreover, since 
det['0-'(pi)] and det ['0-' (pi)] vanish to the same order at any 7r(supp5i n 5*2), we 
conclude that Aetg{t, C) is constant and can be assumed to be 1. 

Represent each by (wpo and (wp 00 iu Uq r\ Sj and Uoc ^ Sj , j — 1,2. Let 
G be a compact subset of — {00} with a nonempty interior. Because of the 
compactness of Sii(i4r) and 'E.22{K), we have 

(10.12) N,{G) = sn^{[{u])^{C,ii)[; ( e G, iS,,T^iD)) e E,,iK)} < +00. 

r 

Similarly, for every vector s of length one in the restriction of V^g{t) to Sii(A') or 
in the restriction of V|^(i) to 'E.22{K), we have 

(10.13) sup{|so(C,r;)|; C £ G} < 0,(G) 

for some finite number Oj{G), j = 1, 2. 

Consider the sections Uj of H^{^Sj,L*{k + I — 1)[— t-'(_D)]) and, as in Step 3, 

of H^{Sj,L\k + l-l)[-Di^^]). Let Nj{G), Oj(G) be the suprema applied to these 
sections (for C G G). Lemma [10.41 gives : 

(10.14) iVi(G) < iVi(G)e-^, iV2(G) < 7V2(G)e^, 

~- irt.t ~ kRt 

(10.15) Oi(G) < Oi(G)e"M^, 02(G) < 02(G)eW. 

Now, our basis i/-^' of H^{Si U S2,L\k + 1-1)) is of the form (fTOJll . where < 
and y| are linear combinations of the v\ with coefficients satisfying the estimates 
([m^ . Hence 

(10.16) sup{|«)o(C,^)M(2/Do(C,^)|; C e G} < MOi(G)e-('=+2')«*/('=+'). 

(10.17) sup{|(u;2^)o(C,r/)|, |(2/|)o(C,^)|; C G G} < M02(G)e-'^*/('=+') . 
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Let us write V'(C) — ^'iid '0(C) — [i^HPi)]- We can also write 

where the diagonal blocks have sizes k x k and I x I. The above estimates imply 
|Cn(C)|,|C22(C)| <iV, |Ci2(C)|,|C2i(C)| <Me-"«*, 

for all C e G and all {81,82) £ with i?(5i,S'2) sufficiently large {N,M,a 

depend only on k,l,6, K,G). Similarly, we can write 



^(C) 



g-iflt/(fc+i) . 1 \ / (7ii(C) 

^kRt/ik+l) .1 J y (722(0 



with |Qi(C)| bounded by TV, and \Cii{C) - Cu{C)\ < Me""-"*. Let C(C) and (7(0 
be the matrices with blocks Cij{Q and Cij{C,) (we omit the i-dependence) . Then 
g{t, = C'(C)^^C(C) and since C(0 is uniformly bounded on G and det g{t, C) — 1, 
det (7(0 is uniformly bounded on G. Together with the above estimates, this proves 
the assertion (i) of Theorem 110.21 

Step 6. We prove the first statement of Theorem llO.il We have to show that the 
Nahm flow corresponding to L*(/c+/ — 1) on 5iUS'2 does not have singularities for all 
t £ (0, 2). We know already, from Step 3, that there is an = N(k, I, K), such that 
the flow is regular on {N/R, 2). Suppose that there is a sequence {81, 82) e T,k,i{K) 
(with the standing assumption that the total center is zero and Oi — 1) such that 
the flow corresponding to X*(fc + / — 2) on 8^ U 82 has a pole at e„ G (0, N/Rn), 
where i?„ = R{8]',8^). Let P-'iCv) = be the equations of 8^, i = 1,2, and 
consider the rescaled curves 8'^ given by the equations P-^{(,r]/Rn) = 0. The 
Nahm flow on 5" U 6*2 has a pole at -R„e„ G {0,N). On the other hand, we can 
find a converging subsequence of (5", ^2 ) and the limit 5'°° is a nilpotent curve or 
the union of two such curves. In both cases the limit Nahm flow on 5°°is regular 
on (0, +cxd). For any spectral curve, the Nahm flow (without the To-component) 
corresponding to L*{k + l — 1) is a regular singular ODE the resonances of which are 
determined by the coefficients of the curve. Thus, the usual lower semi-continuity 
of where [0,0;+) is the maximal interval of existence of solutions to an ODE, 
implies that, for curves close enough to 5°°, the Nahm flow is regular on (0, iV-|- 1). 
This is a contradiction. 



11. The asymptotic region of Mk.i and Nahm's equations 

We consider now these elements of J^k,i for which the flow L*{k + l — l) on Si U 6*2 
does not meet the theta divisor for t G (0,2). In other words the corresponding 
Nahm flow exists for t G (0,1]- According to Theorem 110.11 this is true in the 
asymptotic region of 'SkjiK). Recall, once again, that the flows Ti{t) corresponding 
to L^{k + I — 1) on 81 U 52 have poles at t corresponding to the irreducible 
representation of dimension k -\- 1. Let A{t, denote the corresponding matricial 
polynomials, i.e. A{t,C,) = {T2{t) +iTs{t)) +2iTi(t)C, + {T2(t) -iT:i{t))C,^ . Theorem 
110.21 implies that, as long as R{8i,82) is large enough, there is a meromorphic 
map 5 : Pi ^ 8L{k -f /,C), with poles at n 52, such that g(OA(l, C)ff(0~^ 
A(0, where A{C,) is block-diagonal with the blocks corresponding to line bundles 
L\k + l^ l)|s, [~t{D)] and L\k + l- l\s, [-D]. 
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We define a space P as the set of pairs (^), ,g(C)) , wliere A{t,C)^ t £ (0, 1], 
is tlie niatricial polynomial corresponding to the flow i*(fc + Z — 1) on 5*1 U S2 
{{Si, S2) G Sk,i) and g : ^ GL{k + I, C) is meroniorphic with poles at 5*1 fl 5*2, 
such that g{()A{lX)g{0^^ = ^(C); where A{() is block-diagonal with the blocks 
symmetric, satisfying the reality condition (|2.9p and corresponding to line bundles 
L^{k + I — t(Z?)] and L^{k + I — l)^s^[~D]. The map g is not unique: 

the conditions on A{(^) are preserved by conjugation by block-diagonal matrices 
H ^ U{k) X U {I) such that the non-central parts of the blocks are orthogonal. Let 
M be the quotient of P by 0{k) x 0{l). 

Proposition 11.1. There is a canonical embedding of AI into M.k.i- 

Proof. We already have an embedding on the level of spectral curves. We have 
to show that an element of M gives also a pair of meromorphic sections of 
on S'l and on 5*2. Let {A{tX), 9{C)) represent an element of M. Just as at the 
end of section [3] consider the unique solution w{t, Q of -^w + A^w — satisfying 
^-(fc+i-i)/2y^(^^ 0^(1,0,..., 0)^ as i ^ ((1, 0, . . . , 0)^ lies in the + / - l)/2- 
eigenspace of the residue of A^). The vector w{C) = w(l,C) is cyclic for 
for any and similarly w'^{() is a cyclic covector for A{1,()'^- Hence g{C)w{C) 
is cyclic for A{(), apart from singularities, and w'^ {Qg'^ {() is a cyclic covector for 
A{()'^ = A{(). Therefore the following formula is well-defined on M and associates 
to {A{tX), g{C)) ^ meromorphic function on (S'l U 5*2) — 7r~^(oo): 



(11.1) MCv) = w{cfg^{Og{C}{v~A{ix)),^^w{c) = 

^«(C)V(C)(^-i(C)),dj5(C)^(C). 

Arguments such as in '^U] show that this defines a (meromorphic) section of on 
S'l U S2 and Theorem 110.21 shows that f restricted to Si and to S2 have correct 
divisors, i.e. D — t{D) on Si and t{D) — D on 82- 

Finally, it is clear that g{(^) and Hg{(), where H is block-diagonal with each 
block central, give different unless H is orthogonal. Therefore the map is an 
embedding. □ 

From the proof we obtain an interpretation of the biholomorphism A1^°; — 
Ratfc(P^) X Rat;(P^) of Theorem 14. II in terms of Nahm's equations: 

Corollary 11.2. The composition of the embedding M > M.k.i with the biholo- 
morphism mI°i ~ Ratk{V^) X Rati{P^) is given by {A{t, (), g{0) (fr{ij' 
where qi , q2 are the equations of Si , S2 at ( = and pi , p2 are defined by 

Pi{z) = '^o{Co, z) mod gi(z), p2{z) = i^o{Co, z) mod q2{z), 



with vq given by (jll.ip . □ 

For every Co £ we now define a map from a subset of M (i.e. from a subset 
of A4k,i) to the monopole moduli space M.k+i- This map is simply given by a 

corresponding map on the rational functions. Let (f^lij' ^ Ratfe(P^) x 

Rati(P^) and assume that qi and (72 are relatively prime. We define a rational map 

of degree fc -f / by Q{z) — qi{z)q2{z) and P{z) as the unique polynomial of 
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degree k + I — 1 such that P{z) = pi{z) mod qi{z) and P{z) = P2[z) mod q2[z). 
The map 

( Pl{z) P2{Z) \ Pjz) 

\q,{z)' q^iz)) ^ 0(z) 

induces a map from the corresponding region of A4k,i to Aik+i- We shall abuse the 
notation and write 

*Co : ■Mk,i — > Mk+i 

for this map (even that it is not defined on all of Mk,i)- It is clearly holomorphic for 
the chosen complex structure and preserves the corresponding complex symplectic 

f k + I \ 

form. We also observe that generically is ( ^ j to 1. 

The region on which $^,-1 is defined contains an open dense subset of M (given 
by the condition Co ^ '"'{Si n 52)) and we we wish to give a description of in 
terms of solutions to Nahm's equations. First of all, the map which associates to 
an [A(t, C), 3(C))] G M the rational function is given, by the discussion above, 

by 

(11.2) {AitX),9{0)^wiCofg^{Co){z-AiCo)y\{Co)wiCo), 

where w{C) is defined as in the proof of Proposition 1 1 1 . ll 

To obtain a solution to Nahm's equations, corresponding to P{z)/Q{z), directly 
from [(A(<, C), ff(C))] e M we proceed as follows. Thanks to the S'0(3)-action, 
we can assume, without loss of generality, that Co — 0. We then split the Nahm 
equations into a complex one and a real one, as in (|5.1[) and (|5.2p . Then f3{t) = 
A(t, Co) and a{t) — A^(t, Co)- Since Co ^ 7r(5'i nS'2), 5(Co) is a regular matrix which 
conjugates /?(1) to a symmetric and block-diagonal matrix B. Extend ^(Co) to a 
smooth path git) G Gl{n,C), for t e [0,1], with g{t) = 1 for t < 1/2, g{l) = g{Co) 
and a{t) — g{t)a{t)g{t)^^ ~ g{t)g{t)^^ being symmetric at t = 1. Let (3{t) = 
g{t)(3{t)g{t)~^ and extend a, /3 to [0, 2] by symmetry. We obtain a smooth solution 
to the complex Nahm equation on [0, 2] with boundary conditions of an element 
of A4k+i- We can now find, as in [TS], a unique solution to the real equation via 
a complex gauge transformation G{t) which is identity at t = 0, 2. The resulting 
solution is the value of at [[A{t, (), 9 {())]■ 

We are now going to show that asymptotically the map $^,-1 is exponentially 
close to the identity. For this we need to restrict the asymptotic region and define 
it directly in terms of rational functions, as in Corollary 19.31 

Definition 11.3. Let Co e and K > 0. We denote by Mi"i{K) the subset of 

Mi"i corresponding to (f^lfy, ^^'^ e Ratfc(pi) x Rat/(pi) which satisfy: 

(i) Any zero of qi{z) is at least distance 1 apart from any zero of q2{z). 
ill) Any two zeros of qi{z) (resp. of 92 (^)) are distance at most 2K apart, 
(iii) If /3i, /?2 are two zeros of gi(z) (resp. of 52(2)), then |ln |pi(/3i)|— In |pi (/32)| | < 
2K (resp. |ln |p2(/3i)| - In b2(/32)|| < 2K). 

In other words, J^^jl\{K) corresponds to pairs of rational functions, which are 
within fixed "distance" from {^j^^, (z-Ly )^ where bi = J^Pl/^^ ^2 = 



MONOPOLES AND CLUSTERS 



33 



ai = E In \pi{m\/k, a2 - E In \P2if3f)\/l (here where Pi . . . , Pi (rasp. f3l . . . , Pf) 
are the roots of qi{z) (resp. q2{z))). For an to e -^^fc^p let us define 

i?««(m) = min{ I 1 ; z = l,...,fc, j = l,...,l}. 

If TO = (S*!, z^i, S'2, 1^2), then we obviously have R{Si,S2) > R''"{in). Witli these 
prehminaries, we have: 

Theorem 11.4. For every K > 0, there exist positive constants Ro,a,C such 
that the map satisfies the following estimates in the region of Ai'l?[{K), where 
R''"{m) > Rq and Co is at least distance 1/2 from the roots 0/ (fei — 62) + 2(ai — a2)C — 
{bi-h)^- Let ^(;„{Si,iyi, 82,1^2) ^ {S,iy). Thend{S,SiUS2) < Ce-"'^. Moreover, 
the numerators P(^{z),P(^(z) of the rational functions of degree k + l, corresponding 
to {Si,vi, S2,V2) and to {S,iy) and direction ( (so that p,^„{z) — pQg{z)), are also 
exponentially close for ^ sufficiently close to <^o in the sense that \p({(3i) —P({$i)\ < 
Ce^"^\p(^{/3i)\, where $i,Pi, i = 1, . . . ,k + I, are the rf- coordinates of points of 
Si U S2 and of S lying above C- 

Proof. According to Theorems 110.11 and 110.21 (and Remark l9.6p . in the region under 
consideration, we can conjugate the flow A(t, () by a unitary u{t), u(0) = 1, so that 
A{1,() is Ce~"^-close to a block-diagonal and symmetric A{C) (and satisfying the 
reality condition (|2.9p ). Moreover, in the notation of Theorem [1021 the matrix g{C) 
which conjugates A{1, C) to A{() is, for ( close to Co> Ce~"^-close to identity. The 
solutions (5,/3, defined before Definition 111.31 to the complex Nahm equation on 
[0, 2] are then exponentially close to satisfying the real equation, in the sense that 
the difference of the two sides in (15. 2p is bounded by Ce~"^ . It follows then, using 
Lemma 2.10 in [15 , that the complex gauge transformation G{t), G(0) = G{2) = 1, 
which solves the real equation is Ce~"^-close to a unitary gauge transformation, 
uniformly on [0,2], and GG~^ is uniformly Ce~"''^-close to a skew-hermitian matrix. 
The result follows. □ 

12. Comparison of metrics 

We wish to show that the (local) biholomorphism $^|-, of the previous section is 
very close to being an isometry when the clusters are far apart. Recall the definition 
lll.3l of the region M'^^i{K), and the notation following that definition. Then: 

Theorem 12.1. Let g and g he the hyperkdhler metrics on A4k+i and Mk.i, re- 
spectively. For every K > 0, there exist positive constants Ro,a,C such that, in 
the region of Ai'l°i{K) , where R'^°{m) > Rq and Co is at least distance 1/2 from the 
roots of (61 — 62) + 2(ai — 0,2)^ — [bi — ^2)C^; ^f'-^- following estimate holds: 

||<i>Co5-.9|| <Ce-"«. 

The remainder of the section is devoted to the proof of this theorem. 

The metric (|3.4I) on A4 k+i is given in terms of solutions to infinitesimal Nahm's 
equations (|3.3p . Things are more complicated for Mk,i. Although, we have a 
description of Mk,i as a space of solutions to Nahm's equations, it is not a moduli 
space (i.e. there is no gauge group involved). In particular, in our description of 
Mk,i, a tangent vector is a triple (?i,t2,t3) on [0,1] satisfying only the last three 
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equations in ()3.3p . with <o = (and, of course satisfying additional restrictions, 
since we allow to vary spectral curves only in special directions). Nevertheless, the 
first equation in (|3.3p arises only by adding an infinitesimal gauge transformation, 
and this has no effect on the Kahler form corresponding to Cq. This fact can be 
interpreted by trivialising the twistor space of any moduli space of solutions to 
Nahm's equations, such as Mk+i- For a solution {Ti(t),T2{t),T3{t)) , set A{tX) = 
{T2it) + iT3it)) +iTi{t)C+{T2{t)^iT3{t))e, ^#(t,C) = iTi{t)+{T2{t)-zT3{t))(: 
forC ^ andi(i,C) = {T2it) + in{t)) + tTiit)/C+ {T2it) -2X3(1)) , i#(f,C) = 
~iTi{t) + {T2{t) + iT3{t))/C for C ^ 0. Then, over C 7^ 0,oo, we have A = A/C^, 
A^ = A^ — A/(^. The fibrewise complex symplectic form, given by ()3.7|) . on the 
twistor spaces Z(^Mk+i) of Mk+i is then equal to 

(12.1) ^C^ [ dA#{tX) AdA{t,C)- 

Jo 

The Kahler form toi, corresponding to the complex structure Iq, is then the linear 
term in the expansion of fi^ in 

We can give a similar interpretation of the complex symplectic form £7,^ and the 
Kahler form a)i on A4k,i- From the previous section, a solution (Ti{t),T2{t),T3{t)) 
to Nahm's equations on (0,1], corresponding to a point of Aik,h defines a mero- 
morphic section of on 5*1 U S2 by first combining the matrices Ti into a matricial 
polynomial A{t, C), as above, and then conjugating ^4(1, <^) by a meromorphic 5(C)- 
If we extend, for ( close to 0, g{() to a path g(-,C) ■ [0: 1] ^ SL{n,C) and define 
A^{t, () as for A4k+u then the form is equal to 
(12.2) 

2 d (^g{t, C)A#(t, C)5(i, C)-' - ^^^9it, C)-'^ A d {g{t, C)A(t, C)5(i, C)"') • 

Again, uji is the C-coefficient of this expression. To estimate c?<i>^(,, we use the 
S'0(3)-action to assume that (q = 0. We observe, directly from definitions $0 is 
not only a biholomorphism, but that it also respects the complex symplectic forms 
flo and Oo- Thus, to prove the theorem, it suffices to show that <i>o^^, evaluated on 
vectors of length 1 in g, is exponentially close to fi^ for ( close to 0. Equivalently, 
we can evaluate on tangent vectors v, such that d^o{v) has length 1 in the metric 

9- 

Furthermore, the above expressions of the forms fi^; and 17^ do not depend on 
adding an infinitesimal gauge transformation (equal to zero at both ends of the 
interval) to a tangent vector. This means, in practice, that it does not matter, 
whether we consider tangent vectors as being quadruples (ioj ^a) satisfying 
p.3p . or triples (ti,i2,i3) satisfying only the last three equations in (|3.3p (with 
to = 0)- 

We now consider a unit tangent vector to Nk^i, i.e. solutions (^01^11^2,^3) to 
equations (|3.3[) on [— 1, 0] U [0, 1]. The asymptotic region under consideration cor- 
responds to an asymptotic region of Nk,i, and there we have C°-bounds on tangent 
vectors, obtained as in [U pp. 316-318]. From a tangent vector to Nkj, we obtain 
a tangent vector to Mk,ii as an infinitesimal solution (io, ti, t2, t^) to Nahm's equa- 
tions on [0, 1]. This is done as an infinitesimal version of the proof of Theorems 
110.11 and 110.21 (this is straightforward but rather long and we shall leave out the 
details) , and the estimates, applied to the unit tangent bundle of the compact sets 
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considered there, show that: (i) there is a pointwise C°-bound on the ti, (ii) ti{l) 
are exponentiaUy close to being symmetric, and (iii) the infinitesimal variations 
of g{t, C) and are exponentially small for C close to 0. Furthermore, the 

following expression (which has nothing to do with the metric g) 

(12.3) N{i) = -2Y, [\rti 

is 0{1/R) close to 1 (essentially, by integrating the 0(e""^'')-difference between 

ii{s) and ti(s)). 

Now, an infinitesimal version of the proof of Theorem 1 11. 41 (Lemma 2.10 in [7] is 
now replaced by arguments on p. 152 in [6]) produces a tangent vector (^01^11^2,^3) 
to A4k+i, which is pointwise exponentially close to (ioi '^i, '^2, ^3)- The estimate on 
N{t), together with a pointwise bound on ti, shows that the length of (to, ^i, ^2, ^3) 
in the metric g is 0{1/R) close to 1. Hence, if we reverse the steps and assume that 
the (^0,^1,^2,^3) thus obtained has length 1, then (to, i^i, ^2, ^3) is still exponentially 
close to (to, ti, ^2, ^3) and the pointwise bound on ti{s) and exponential bound on 
the corresponding infinitesimal variations of g{t, <^) and '^^^^f''^ remain valid. This, 
together with the estimates on A(t, C,) in the proof of Theorems 110.1] and 1 1 . 21 shows 
that (|12.2p evaluated on two vectors (to, ti, ^2, ^3) is exponentially close to (|12.ip 
evaluated on two unit vectors (to, ti, t2, ta). This completes the proof. 

Remark 12.2. The spaces Nk,i and AAk,i are also biholomorphic for a fixed complex 
structure Ic^^ (see the definition of the map T in Section [6|). The above proof shows 
that, in the asymptotic region of Theorem 112.11 this biholomorphism is 0{1/R)- 
close to being an isometry. This is again (cf. remark lS?^ analogous to the behaviour 
of the Taub-NUT metrics with positive and with negative mass parameter. 

13. Concluding remarks 

13.1 It would be interesting to derive the hyperkahler metric on M.k,i from 
physical principles, i.e. as a Lagrangian on pairs of monopoles of charges k and I 
with a relative electric charge. 

13.2 The metric on M.k.i can be constructed via the generalised Legendre trans- 
form of Lindstrom and Rocek [26l [27] , analogously to the monopole metric [23, ,18} 
I19j . This, and further twistor constructions, will be discussed elsewhere. 

13.3 The constraints on spectral curves in 'Sk.i are those for S'?7(2)-calorons of 
charge {k,l) [3TJ[T3]. Is there any physics behind this? 

13.4 As mentioned in the introduction we could not give a description of M.k,i 
as a moduli space of Nahm's equations. Nevertheless there is an analogy with the 
description of the Gibbons-Manton metric in [8j. For {Si, S2) G Sfc,; we would like 
to consider the flow L''{k + I — 2) on Si U 5*2 for all s > 0. The (unique) compact- 
ification (as the moduh space of semi-stable admissible sheaves) of Js^^{Si U S2) 
has a stratum (of smallest dimension) isomorphic to J^^~^(S'i) x JS^~^(S'2). From 
the proof of Theorem llO.il we know that the flow L'^{k + 1 — 2) approaches the flow 
L''{k + l-2)[-T{D)]®L''ik + l-2)[-D] on this boundary stratum as s +00. Can 
one obtain Aik,i as a moduli space of solutions to Nahm's equations on [0, +00) with 
the corresponding behaviour as s — > +oo7 The Nahm flow will have singularities, 
so this is certainly not obvious. 
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13.5 We defined, for every complex structure, a (finite-to-one) biholomorpliism 
<I>f between open domains of A4k,i and of Aik+i- On the other hand, we have, also 
for every complex structure, a biholomorphism ^'^ between an open domain of A4k,i 
and A4k xMi, namely the identity on pairs of rational functions. Given Proposition 
11.11 or the arguments in the proof of Proposition 19.71 and Remark 112. 2[ we expect 
also ^'^ to be an asymptotic isometry. To obtain a precise rate of approximation 
requires a more precise analysis of convergence in Proposition 19.71 but we expect, 
by analogy with the Gibbons-Manton metric, that the metrics on Aik,i and on 
Mk X Ml are 0(l/i?)-close. 

13.6 Finally, let us address the question of more than two clusters. As mentioned 
in Introduction, it is clear how to define the "moduli space" A4ni,...,ns of s clusters 
with magnetic charges ni, . . .Ug, ni + ■ ■ ■ + ns = n. We need s spectral curves Si G 
\0{2ni\ with SidSj = DijUDji, Dji — T{Dij), and s sections i^i of [J2j^ii-^ji ~ 
Dij)] on every Si. They need to satisfy conditions analogous to those for Mk.i- 

We also can define a pseudo-hyperkahler metric on A^,ii....,„^ just as for Aik,i 
and even to argue that a map to A4n is a biholomorphism. One needs to show 
that the images of maps $^ for different C cover the asymptotic region of A4n, i-e. 
to prove an analogue of Theorem HIT] for s clusters, and this might be hard, since we 
do not know what the analogue of Nkj should be. Nevertheless, to prove that <i>^ 
is exponentially close to being an isometry in the asymptotic region of Mni,...,ns 
one does not need to rely on the arguments given here. In principle, one could try 
(also for the case of two clusters) to do everything in terms of theta functions of 
the spectral curves. 
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